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In differential geometry in the large, we treat the
following problem:

What are the relations between the local properties and the
global properties of a space?.

There are two main problems in-differential geometry in the
large, that is:

(1)  Problem of prolongation:

We are given a small partion of the space. Prolong it in such
a way that we get the whole space.

(2) Problem of metrization:

We are given a topologival space, find a Riemgnnian metric in
such a way that the whole space is metrized without singula-
rities.

In a certain extent, these two problems are converse g
to each other. We mention here an example of the problem whichi
belongs to the problem of metrization: |
What are topological spaces which we can metrize by a metric
whose sectional curvature has,at all points and for any
2-direction, the same sign ? In this statement, by a sectional
curvature at a point I’ and for a 2-direction™ we mean the
following:

In a Riemannian space, we take a point ¥ and a 2-di-

rection™

at this point and we consgider all the geodesics
passing through ¥ and being tangent to ™ . Such geodesics
constitute a 2-dimensional surface V, passing through‘p and
being tangent to T . The Gaussian curvature of V, at P ois
called the sectional curvature of the space at the point P
and for the Z—directionTr .
If we demote by KvmAx +the covariant components of the

curvature tensor of the space, the sectional curvature k is

given by
)\k s - v\\l W AR A\l‘ {\}/'“ ’UL’\ ’U"

where U* and U" are two unit vectors orthogonal to each other
defining the 2-direction.

In the above mentioned example, if the sectional cur-
vature is constant, we get the famous Clifford-Klein's space
problem. Clifford-Klein's space problems can be considered
also in affimely, projectively or conformally flat spaces.To
illustrate the problems in differential geometry in the large
we wish to mention first of all:
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Some results in clasgssical differential geometry in the large.

It seems to us that almost all problems in more modern
differential geometry in the large have their origins in these
classical results. So we shall give here a rather extensive
collection of the classical results. '

W.Blaschke (1924), For any two points on an ovaloid, there
exists always a shortest line which joins these two points and
the shortest line is a geodesics Here we memn by an ovaloid

a closed convex regular analytic surface which has positive
Gaussian curvature.

W.Blaschke (1912), H.Weyl (1917): If we can deform an ovaloid
continuously and isometrically, then it is a motion of the
ovaloid as a rigid body.

O.Bonnet (1855), When the Gauss curvature X at every point of
an ovaloid satisfies X 2 o , the geodesic distance be~
tween two consecutive conjugate points is 2o .« Here by
conjugate points, we mean the following: Consider a geodesic
on a point A on it. Suppose that a point © starts from A and
goes in one direction of the geodesic. A point'E>on the geo-
desic is called a conjugate point on the geodesic if, for

the point'P which lies between geodesic arc AR , the geodesic
AP gives the shortest distance between A and P for the suf-
ficiently small variations of the geodesic arc (relative mi~-
nimum), but for the point P which lies on' ¥ or on the prolon-
gation of AR in this direction, the geodesic arc AP does
not give the relative minimum.

C.Carathéodory (1912), The locus of the conjugate points of

a Tixed point on an ovaloid has at least 4 cusps.

T.Carleman (1921), We are given a closed space curve C of
length L. and we assume that, passing through the curve C ,
there exists a surface S of the minimum area. ThenS is a mi-
nimal surface. We denote by C its area bounded by € . Then we
have

L} - ATl C}% (o]

and the equality occurs if and only if the curve C is a cir-
cle. When the curve C reduces to a plane curve we get the ans-
wer to the classical isoperimetry problem.

Gauss-Bonnet (1848),

%TJ\/ Kdo= X =2(1-p)
2,

where X is the Gaussian curvature of the surface V, , the
volume element, X Euler-Poincaré characteristic and » the
genus of the surface,
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D.Hilbert (1900), There does not exist an everywhere regu-
lar analytic surface without frontier which has negative
constant Gauss curvature.
He.Liebmann (1899), Any regular closed surface with congtant
Gauss curvature is a sphere.(Consequently a sphere is rigid).
Any ovaloid with constant mean curvature is a sphere.
H.Poincaré (1905), Every ovaloid has at least three closed
geodesics on it.
JeSteiner- W.Gross (1836, 1917), Between the area O and the
volume V of a ovaloid, there exists the relation
O*_ 36wNV* o0

and the equality occurs if and only if the ovaloid is a sphere,

We now come to the more modern differential geometries
in the large and we will classify these geometries according
to the topics treated in each branch as follows:
(1) Complete spaces.
(2) Behaviour of geodesics.
(3) Spaces of negative secdtional curvature.
(4) Spaces of positive sectional curvature.
(5) Harmonic integrals.
(6) Curvature and Betti numbers.
(7) Gauss-Bonnes formula.
(8) Complex menifolds.
(9) Almost complex manifolds.
(10) Holonomy groups.
(11) Crouvs o transformations.
(12) Imbedding problems.
(13) Pibred speces.

We will mention some typical results obtained in each
of these brerr-hes of differential geometry in the large.
(1) Complete spaces.

A Riemannian space is said to be complete if it satisfies one
of the four following postulates. ‘
(i) Postulate of measuring. We can measure on each geodesic
any length starting from a fixed point on the geodesic.

(ii) Postulate of infinity. We call a divergent lime a one-—
to-one continuous image of a half-line in which, to any di-
vergent series of points on a half-line, there corresponds a.
divergent series of points on the line in the space. Then

the postulate of infinity can be stated as follows: Any di-
vergent line of the space has infinitely long length .
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(iii) Postulate of Cauchy. A Riemannian space is a metric

space. In fact, we can define thc distance (AB)between two
points A and B as the infimum of the length of curves which
join these two points. Thus we can define the fundamental
sequence of Cauchy as follows: If a sequence of points P P

A SR
satisfies the condition

(P Pa)= & (»,m — 0)
we call this sequence fundamental smequence of Cauchy. Then
the postulate of Cauchy can be stated as follows: All the
fundamental sequences of Cauchy converge.
(iv) DPostulate of compactness. Any bounded set of infinite-
ly many points of the space admits at least a point of accu-
malation. We usually express this fact by saying that the
space is locally compact.
E.Cartan adopted the fourth postulate and called a normal
space a space which satisfies this postulate.

H.Hopf and W.Rinow proved the equivalence of these four pos-
tulates.Moreover they got,

Theorem . We can join always two arbitrary points of a com-
plete Riemannian space by an arc of minimal geodesic. Recent-
ly G.de Rham gave very simple proofs of the equivalence of
these four postulates and of the above mentioned theorem of
Hopf and Rinow.

(2) Behaviour of Geodesics.

A generalization of Bonnet's theorem to a complete Rieman-
nian spacc was obtained by Synge (1935), Schoenberg (1932)
and Myers (1935).

Theorem ., A complete Riemannian space whose sectional curva-
ture for any point and for any 2-direction is greater than
a positive number ¥ is a closed space with diameter less
than T/yx + We can reduceVof *this theorem to that of
corresponding theorem in a two-dimensional space by the
following lemma due to J.L.Syngee

Synge's lemma. The Gaussian curvature of a portion of a
surfave \Q‘Which passes through a geodesic of an s~.dimen-
sional Riemannian space Vw depends along the geodesic only
on the ruban of planes tangent to \A_ along the geodesics
This curvature is less than or equal to the sectional cur-—
vature of Vp for the tangent plane of V; . The equality
occurs only when the ruban of tangent planes is obtained

by the parallel displacement of a vector along the geodesic,
the tangent plane being determined by the tangent to the
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geodesic and parallelly displaced direction. In the two-di-
mensional case, we know the following theorem:

Theorem.The arc of geodesic joining two points A and R such
that any solution of Jacobi's eguation

K s Gaussian curvature,)
Yy = a-%/aLs 5t arc length

has at most one zero~point in the interval AR is an arc of
geodesic which realize the relative minimum of the distance,
that is, which is the shortest among the curves joining A
and ® and lying in a sufficiently small neighbourhood of the
geodesic.

f%“.g. Kxg z O

On the other hand, we have the following comparison
theorem of J.C.F.Sturm (1836):
Theorem  Suppose that we have two differential equations

Yo+ K(syy = o, ey

40+ L(s)d = © (x)
in which K{s)2 | (s), then the distance between t§§&§g¥32“€
points of (1) is shorter than that between t@gyéggafkoints of
(2). But, if \L.(s)= % = constant > ¢ , then we have, assuming
M=o Tfor &Sao

PL;A~S\\\,\ITQ-S +

and the distance between twgmisﬁgwpoints is ;ﬁf + Thus comnm-
bining above two thcorems, we get the classical theorem of
Bonnet.

Now take a complete Riemannian space whose scctional
curvature for any point and for any 2-direction 1s greater
than a positive number X and fix a point O in the space.

By a theorem of Hopf and Rinow, we can join any point ¥

of the space to point ) by a shortest geodesic. Tgke a di-
rection at (U which is not tangent to the geodesic and dis-
place it parallelly along the geodesic. We consider then a
2-dimensional subspace which passes through the geodesic and
whicﬁ@%angent to the vector field parallel along the geodesic.
Then by Synge's lemma, the sectional curvature of the space
for a point on the geodesic and for a 2-direction tangent

to the subspace is equal to the Gaussian curvature of the
subspace along the geodesic. Since the sectional curvature
of the space is supposed to be always greater than kt, and
consequently this geodesic which is also a geodesic of the
subspace has a point conjugate to Oin the interval T/Vk |
But éﬁ’is the shortest geodesic, and consequently we have
P < Tk . This provee the generalization of Bonnet's
theorem.



(3) Spaces of negafivc sectional curvature.

If the space has sectional curvaturcs always negative for
any point and for any 2-direction, then, by calculating the
second variation of the length of a geodesic, we can prove
that any geodesic arc realizes the relative minimum of the
length.

On the other hand, E.Cartan (1928) and S.B.Myers (1939
proved that in .a simply connected spacc if there exists a
point P such that it has no conjugate point on any geodesic
passing through it, that is, any geodesic passing through ©
realizes a relative minimum, then the space is homeomorphic
to the Euclidean space.

Thus we can state:
Theorem A 8imply connected space with negative sectional
curvaturc is homeomorphic to the Euclideon space. We will
guote here¢ sone owﬁfhteresting theorems on the spaces of ne-
gative sectional curvature obtained by Preissmann (1942).
Theorem  Any geodesic which docs not pass through a point’P
of a space of negative sectional curvature has a point which
is the nearcst to © . From this point, two branches of the
geodesic move away from_F’monptonously to the infinity.
Theorem The sum of the anglces of a geodesic triangle in a
simply connectcd space of negative constant curvature is less
than two right anglcs.
Theorem In a space of negative scectional curvature, there
exists at least one closed geodesic of any type of homotopy-
As a consequence of the first theorem, we remark here
Theorem All the elements of the fundamental group of a spa-
ce of ne ,ative sectional curvature are of infinitce order.
(4) Spaces of positive sectional curvature.
We must mention first of all Bonnet's theorem stated at the
beginning of (2).

Theorem A complete Riemannian space whose sectional curva-
ture for any point and for any 2-direction is greater than a
positive number R is a closed space with diameder less than

TR - From which we have.
Theorem The fundamental group of a closed space of posi-

tive sectional curvature is finite. Before stating the follo-
wing theorem, we define the orientability of the space. If

a manifold of class C™ can be covered by a system of coordi-
nate neighbourhoods in such a way that if any two coordinate
neighbourhoods ( 3% ) and ( ¥* ) overlap then in the over-
lapping domain the coordinate transformation
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has always the same sign . Now Synge proved the following
theoremn.
Theorem An orientable closed Riemannian space of positive
sectional curvature and of ceven dimension is simply oconnected.
We now define the extremilyr of a space. We say that a se-
gquence of points
Py PR (1)
diverges to an extremity if, for any partial sequences

('Q‘>&¥«'L\ u{&)"“
'R".)'—RL‘ 33;'

taken from (1) and for any compéct domain 13, it is always
possible to find the curves joining

@ 15’?‘\,‘3 Qﬁg e R;g Qa tO’R'IS:-“”
which have exeept a finite number of exceptions no common
points with D . Now we can state the following theorem of
Preissmann (1942). *
Theorem An open space of positive sectional curvature cannot
have morc than one extremity. We call a space with pole a
space which contains a point P (pole) such that all the geo-
desic rays issueinf fromP are minimum geodesic rays.
Theorem The sets of poles in a space with pole of positive sec-
fional curvature ie bounded.

(5) Harmonic Integrals.

An n-dimensional manifold of class C “ can be covered by
a system of coordinte neighborhoods W If, from any covering
by the coordinate neighborhoods of the manifold, we can choose
a finite number of coordinate neighborhoods Wi, , Wi, .- WUy
whose union covers entirely the manifold, we say that the mani-
fold is compact.

Now an exterior differential form of degree b
ARy Ap S LIPS LS L

3 Ay

PYR

is called harmonic form if the rotation and the divergence of
the antisymmetric tensor NYA‘KlH.AJ vanish, that is, if

T GA R Rp) =0

3

MR
9 ’WRQAxl””A9:o



where /) denotes the covariant derivative with respect to the
Christoffel symbols.

Now we can state the famous theorem of W.V.D. Hodge.
Theorem., In an orientable compact Riemannian space of class C,L
where ~f is a sufficiently large integer, the harmonic forms of
degree p form a vector space whose dimension is equal to the p’ch
Betti number of the space.

Take an exterior differential form
- A A
=% ‘?/\,)Ll-n,\pﬁé’)“/\ AR A A g
We define the exterior differential dc‘o of P by

A= T T, ap] 43P A A AR
Now denote by (pf\w\;,---'\p the centravariant components of
‘?).,Al,..,\fhen we define the s-operation on ¢ by
* Q= ‘lxv\l--.m,\{ﬂ...,\% Qlﬂkl"'*? A grien ,l\-"f\‘i\is’:-'\“
and callx @the adjoint form of ¢ , where L,\,A‘.)W is the unit
n-vector of the Riemannian space,

The global 1nner product of two forms ¢ and ¥ of degree
p 1s defined as

(wwjv Pnx¥).
N

We define the exterior codifferential d¢of @by

'\'\P-\- %

&@:(.—1) ,(,d*((p

Now 1t is easily proved, by an integration by part,
(g, ¥)=(9,dY)
If an exterior differential form ¢ 1is harmonic, we have
dg=0, $85¢=07 and consequently
oYz d&@ﬂ—&d@:@.
Conversely, if we have A ¢ dby+ Sd¢=0, then
o ;{A‘PJ"\)): (d&(pDLP)*(éd,q))‘{)).
But, on the other hand, we have
(dd9,9) =(89,5q),
(£d¢,9) =(ay,dq),



and consequently
(09.,0)=(d@, dg)+ (5¢,5¢9)=0,

from which, since (¢ ,d¢@)2o0, (b9, 5¢9)2o0,
(dQ)dkP):O) (8¢, dg) =0

which shows that
a (P = 0 R 8(? = O,

mhys
Theorem. A necessary and sufficient condition that a form Q
is harmonig is LY = O

The expression o ¢ certainly contains the curvature tensor
of the Riemannian space, but the curvature tensor of the space
does not appear explicitly in the works of G. de Rham and
W.V.D. Jlodge.

We shall give here, as an example, the expression a¢ for
a covarilant vector D

First 4y is given by

YV @a= Yr ¢ n
and consequently &d ¢ 1s given by

PNV 9r - Vagu)
Next o&¢ is given by

‘30“ Vedu
and consequently déq is given by

Vi (g Ty q,).
Thus, for d&q;-» $d ¢ , we have

%\Jp. [vv Vi A =Vy Un u~+ £\ Vu‘?n}
= %\‘}* {V\) N @a+ K\),\: Q.&]
= ‘Z\)“ Ve Vi @i - ‘ﬂ‘,\x @y

where Kf is the Ricci tensor of the space. Thus we can state
Theorem A necessary and sufficient condition that a covariant
vector P be harmonic, is that we have

%\J}L 9, Vo Qa- K;\lq’x*o.
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For a general antisymmetric tensor, we have
Theorem A necessary and sufficient condition that a covariant

antisymmetric tensor Pa.A N be harmonic is that
A 1A G ?
VR 9, v - <P s x
v M q)’\1>\1‘-‘- AP zs’q A’S (?Aﬂ"'xs-" X X A

e < 447 P
+y BN
N Y)S KAT A.S ‘?AA‘ ")st_‘] (s‘l\t*_.‘thS_'\ QA-S‘,q.-.APuo

The applications of the theory of harmonic 1lntegrals to
complex spaces will be stated later.



A p-vector -w,  is callcd harmonic if Kot W and Dw w  vanish
o harmo

o . LAy
/ Ret w (bM} VL’/, Ape] : AP = Ao A
_D:L'v w v zw#k"’"m

U D(j, fUA/u w)p A u o al £Wy/bw,/(],\,< I bosiﬁwca’&frazk
lecording to StOKuj_ the voﬁuﬁplntcgral over a compact sgam of every

livergence V v™ is zuro:

., M [ 1 ‘ . 4 R

fmwr = [petdn o [ ntdy co s n [IglElLF
E) ~

eecausc T . Henee for two multivectors 44 o we have

- Mg ? Apy
0= /' U /U P o / 'b Vo =z
rif;u " f%’% gY oz, +[ e TV e,

" [

= fm"\l’éi,uq.f,apw

fow takc o ficld (9 for whlch
P
ALPOL—'?'Q Rot ) Jiv 4+ Jw qai@ = 0.
Phen taking w‘( Ry - :
: frvﬁotuvv *~£b+ﬂf w‘(f ?M(,Odt Lo
ind taklng. U= @ "y Potgo

i

Jw diwRetp - #h ]Rotp@ow dr <o

iencc in n compact space

o .

{
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(6) Curvature and Betti numbers.
On applying Hodge's theorem, we can obtain some relations be-
tween the curvature and the Betti numbers of the space.
First of all, we shall guote here the famous theorem of Green:
Theorem: For an arbitrery continuous contravariant vector field qﬁ
in a compact orientable riemannian space Vm , we have

K.

j\\/% VK_&? eV =0,

where dvdenotes the volume element of the space. As a corollary to
thig theorem, we have

Theorem: For an arbitrary scalar field ¢ 1in a compact orientable
riemannian space \/w, we have

Ak o .
5\,“ %‘R VAV'& w oV = 0

Now applying this theorem to (_9“”, we obtain

9‘5\/“ Leg™ % ¢+ g™ (ae)% ¢ dv = o

Thus if g**V V., ¢> o everywhere in $w , by the above theorem we
g ViV 42
must have od’“‘ V,\\/K ¢=0, and consequently from the above formula, we

get «
j\/ 3™ (Vae3(Vg)aw =0

But cg"*(\'/,\q')((]y\ ¢)2 o for a positive definite riemennian metric, and

consequently we must have c%’\"(v-,\ q»)[Vi ¢)=0, from which VA«? =0  tha

is, Q= const. Thus

Theorem: If a scalarfieldqlg in a compact orientable ricmannian space

Jw satisfies cg‘“‘ UaVgw 2 o , theng is a constant, and C}A‘V;V\u?ro
Now suppose that Ty is a harmonic vector, then we have

4TV @a - K ga 7 ©
We now calculate ;})\’}A 9y \’]}L(WA ‘?;\3 , then we have
. "
C‘Z’u»’ QNMW'\ 3= Q@AQ\’}LV\NM G\ 1‘3\)»(:“0‘9 MV_F @)
= 1&‘«;\&?'\ 03“‘*’ %““‘(V\s %A)(Vu ‘{’Aﬂ.

Thus 1f the Ricci curvature K&K‘?/\@K is positive definite, then we
have c%\”* VARAUN. ¢ )2 0 and consequently

Kax ‘*VA‘(’K =0

which gives qa}\z o . Thus

Theorems If the Ricei curvature of a compact orientable riemannian
space is positive definite, the first Betti number of the space is
zero, (S.B.Myers 1941, S.Bochner 1946).
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In the same way we can prove
Theorem: If the gquadratic form

AN, AP N % P-
K/\.Y\ CP * @'A'l.‘

1 !
e 'ﬂ)l)\:s‘--)‘-p AR
.AP“\" Y KVMI\‘Y\‘V WH)‘A"'A?

in a compact riemannian space is positive definite, then the Betti
numbers ’BP for p=1 7, » -1 vanish.

As an application of this theorem, we can prove
Theorem: If the curvature tensor of a compact orientable riemannian
8pace Vn sagtisfies

o<y kg -

Koo @ g4 @
P W ax =

for any anti-syumetric tensor q;’\" where X is%ositive constant, then
the Betti numbers ‘“BY*? for p=1,1,... n_1 vanish.

It is not known if this theorea is true or not when we assume tha.
(1) is true only for any anti-symmetric tensor of the form ulra*_ o vA

It may be interesting to compare this theorem with the following
theorem which is obtained recently by H.E.Rauch.
Theorem: If in a complete riemannian space, the sectional curvature
K(P, y ) at a point P and for a 2-direction ¥ satisfies

hwe g K (P yysex-¢

for some constant , some €>0 and for all P in the space and
ally , where 2 ® 3/yis the root of the equation sin TV = V&L | $her
the simply connected covering space of the space is homeomorphic to
the n-dimensional sphere S, .

(7) Gauss-Bonnet formula.

The classical Gauss-Bonnet formula states that for a closed sur-
face \/;~ in a 3-dimensional euclidean space, we have

(1) J\,l\(o\O:Ai.vx

where X is the Euler number of \/)~

H.Hopf (1925) generalized this theorem for a closed riemannian
space Vn of even dimension which is a hypersurface in an n + 1 dimen-
sional euclidean space.In this case the theorem takes the form

(2) JVKK‘iO:"I‘*’\*\'X)

where ¥ is the total curvature of V. , wy is the area of an n-spher
and 3 is the Euler number of the space. The total curvature K is de-

fined for a hypersurface as the product of the m principal curvaturec
and conseguently it can be expressed as a polynomial in the componeat-
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of the curvature tensor ¥, i« and in the components of the metric
tensor %)u( .

W.Fenchel and C.B.Allendoerfer (1940) generalized the Gauss-Bonnet
theorem for a closed riemannian manifold of even dimension which is
a subspace of a euclidean space.
Theorem: In a closed riemannian manifold of even dimension n which is
a subspace of a euclideésn space Em&% , we have

(2 j N
) V,\r\(do [ Y \.U“, X} ,
where
' { ’ A A "Av L8 A
(j) K - K)\")‘LK‘KIKAQ"\WK;K;‘““ ‘\’\w\'}‘n,“'(“"n_q & Ay g aXy KL

mt M ) %l

To prove this theorem, C.Bs.Allendoerfer utilized two notions, the
Kronecker index an@ the notion of tubes.

The Kronecker index.

We suppose that at each point of an n—-dlmensmnal rlemannlan spa-
ce \/n there are given n + 1 functions V' (%) of class C' satisfying
S5 \/ \/ + By means of this set of functions we can consider
a contlnuous mapping of Vo upon the unit sphere $, whose equation
is T V¢ \l‘“; 1 . This mapping is of a definite degree & . If we put

hi"%

VA v \
b\J‘ B\/L B\}“
4 D = Ny 2
() 23 > g 5%
vt b\/)‘ ay ™
A S
the number o is given by = 3‘ °%

(5)

Sv,,.:D a3 .. w&}“

This number <& is called the Kronecker index.
If \/.ﬂ_ is a hypersurface in an (n+1)-dimensional euclidcan space
and the V * are components of the norwmal vector, vt have

YL

w\

But if n is even, we have ¥ = 14 , and consequently

which is the Gauss—Bonnet formula for a hypersurface.
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The_tubes.

Let ’LL m* (?K) be the parametric equations of a subspace V..
in an (’*\+ﬂ,) dimensional cuclidenn space, and 'Bu, q, unit normal
vectors orthogonal to each other of the subspace such that] 2 ;E, \

where & g, o= o1, Jaeg. % A= An,.gend & B = m-\-”&) s
The tube of unit radius of the subspace is defined by

Themt (3« BN e (v h)

D il Ch

where the U R(A=z,1 .., g-1) are parameters on a (g -7)-sphere Sq.
Denoting by Yax and ﬁh? the first and the second fundamentel
s . B\‘.* btd
't?en ors and by t the terminant \S_:;A o5 l ,We have
| 1- 2> H o ; N
e 5 | e | \/‘é\/’é o\u‘.“&a”"ag‘..o\%
V S‘ﬂl" ‘ %AV\‘

:“\i: “d “*’,/q’c\ .i)
where j.'{\ls the EBuler number of the tube, provided that n+g-1 is eve.
HeVeyl (1939) proved that

(8)

12 L1 - Z e HYY
js \%r\\«‘

T Weos PA-1)MM.3) .. 3.4
where ¥ is given by (3). G LY (g - )
Combining (7) and (8), one gets

) \ hgt
(€%,
J\/hK \)—% d % L Y 6\ % = e
But we know from topology that ¥ = 1Y« Thus we have (2) for q =
even. The proof for M, -0odd is given by imbedding the subspace in a:

X Ve dv.. avi,

(o, 1) - dimensional euclidian space.

An ini{rinsie proof, that is a proof in which we do not utilize
the fact that a riemannian space is imbedded in a higher dimensionc.
euclidean space was given by Allendoerfer-Weil (1943) and 8.S.Cherm

AsA.Abramov's theorem.
Let \f.}}%% riemannian space with positive definite fundamental tu-
sor Gaw e« We consider the anti-symmetric tensor field

W/\.;\Al;‘.p = SA‘.‘}"I.A'P (9«)*( Db)&%)\k‘.,‘ b»‘S'”M‘\@A‘K)

where the £, ... r, are analytic functions of Fhwy dm Fax, s Lev
VP be a compact orientable sufficiently many times differentiablc

ibspace of V,, . If the integral

jCP A, A BN At g gt
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is independent the choice of Gp ’ MA_1)L1_.‘AP is a topological
invariant. It is not proved that all topological invariants can be
written in this way. If

y A A A
LS\ 4 4 L a3 P . ‘ X, A A
jc? Aqﬂl.“l‘) d} d\% NSRS E »SQP M?A-.‘Xl---)‘-r d% A’g "...A% (”
we say that the fields s and 'y are equivalent. We put

T IRVIEEIE N e M oW
AAnedyp = K[’\w\'\l\"\ K'\axw\k\ K)'wpnf\uf}v
Py
Al ,
,L‘)ll '“M-t K‘)‘ikl\ K1K1K>~3)~q \lj&q\ “e K/\’n_—],\“-,‘l&a Kq‘\&\&“q vn-“&\
Theorem: Tensor fields of the type (for m evern)
and Z CTY‘{'/\. —W ,\Pl

ZC%,\,‘,\l...kn

are only topological invariant up to an egquivalence.

(8) Complex manifolds (kihlerian spaces).

We consider a 2n-dimensional real manifold covered by a set of
coordinate neighbourhoods. We denote the coordinates of a point P
in a certain coordinate neighbourhood containing P , by nf}S“.) T
If we put de

"i" :& YLK 4 Lz LS

we can regard 4% as complex coordinates of the point P in the
coordinate neighbourhood (M\“JB‘) . If we can choose a set of coordi-
nate neighbourhoods in such a way that, when the point P lies in the
overlapping domain of two c¢oordinate neighbourhoods (\C)and (x)we ha-
VE always

(1) nC L e ()

where §"(L) are complex analytic functions of AX and

)

' de ]
&K ;’§ fq\( -}“\.5‘(\
we say that the manifold has a complex analytic structure or simply

a complex structure.Putting

’L;‘ ‘{f& f‘(‘\'& - ~3K

‘have from (1)
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where ~3‘ ‘(1) denote the complex conjugate functions of g“— » The L™
and 1% can be considered as 2n independent coordinates and the equa-
tions (1) and (2) can be written as
G S R A

RNoeq A A
with functions 59‘ that have the special forms (1) and (2) . Each
coordinate sy<" ~1{}1)obta1ned in this way is called a complex coordi-
nate system in contradlstlnctlonfggagdzgdlnate systems (h)that arise
if the functions %g* in (3) are analytic in ,iﬁ but do not satisfy
(1) and (2).

Because of this special form of coordinate transformations, the
tensors and affine connections in a space with complex structure
show meny interesting properties which usual tensors and connections
4o not have. Geomefrically the introduction of the preferred coord:i-
nate systems means that in the 2n~dimensional manifold are fixed
1. the set of oo n-dimensional manifolds L - o
2. dituv A" 20 _

3. the principal n-dimensional manifold <™ - "

A complex manifold is always of class C*, that is, it is a real
analytic manifold of even dimension.

Since the Jacobian of the coordinate trahsformation (3) is real

and positive, a complex manifold is always orientable.

-
In a complex menifold, we can define a special tensor 'L which

has, in any complex coordinate system, the components

-

A FO)

L ‘K -
. w
§ 0 - L%)‘

This tensor plays a very important r6le in the theory of complex
manifolds.

If a complex manifold is endowed with a hermetian metric

' 3 o de§ ~——
(5) et = 2%ie a3t Al (%= 9k T 3wa)

which is positive definite, it is called a hermetian manifold.
If we denote by‘%‘ikthe Christoffel symbols formed with

o) -
%}Vks:(%- C}AK> On %A%:O‘Sq;\“k:o
AKX

o)

;;and by ﬁk the covariant differentiation with respect to &QL L} y WO
have of course

i
Vi {},"3\_ = O, Lut im csmmmo.l Mok vﬁ ?Lx"'-_-_
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If we have

(e) Vi%(»\‘io,vi‘Fi_kzo

the hermetian manifold is called a k&hlerin manifold. The condition
(6) is equivalent to

() PR 93k =33 Ga« i % - 5

We quote here some results in differential geometry in the large in
kanlcrian manifolds.

Bochner (1946): )

Theorems In a compact k&8hlerian manifold with T{jdgxr*\:‘ >0,

thore does not exist a covariant vector field whose components are
cemplex analytie functions of complex coordinates except a zero vector.
Theorem: In a complex kihlerian manifold with Rl\«. A% (O ;

tliere does not exist a contravariant vector field whose components

are complex analytic functions of complex coordinates except a zero
vector.

‘Hodge (1941), Eckmonn-end Guggenheimer (1949)

field of the form

heorem: In a compact k&hlerian manifold an anti-symmetric tensor

Mg = (WA Ay, 050, 0030, Wik )
is harmonic if and only if the components “UA1AL~~lpare complex
analytic functions of the nLﬁ and the components Luﬁ,iz“lfare complex
analytic functions of the A" .
Hodge (1941):
In a conﬁact kéhlerian manifold of complex dimensionny, we have
Tor the Betti numbers SﬂP :

.
Boégl < -b\.‘ S é—BliA‘%}\
BB, Bt £ By,

and the number iﬁpVL;BP(?H“L§'n) is equal to the number of linearly
independent self-adjoint effective harmonic tensors (with constant
coerflents) of order P+ 2.

In this statement an effective harmonic tensor is a harmonic

e P . . 1 4
tensor mfkﬁ&l”.lpsat1sfylng

Fhhw =0
L,“,l-n.LP” 3
.~ where

L - A ~
’F h\:"Fﬁ %” t.
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Uging this theorem of Hodge, we can estimate the Betti num-
bers of a kihlerian manifold of positive constant curvature.
Theorem: In a compact k#hlerian manifold of positive constant cur-

e

vature, we have

’B'Ll"""\ q’BlQﬂr‘\""O goé 'Li’f&m imy.
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8, Complex manifolds?)
We consider a 2n-dimensional real manifold covered by a get of
coordinate neighbourhoods U(vf,g*), where K, A, .= 1,2, .., N,

If we put
(8.1) ES= N+ 18",
then we can regard (EF) as complex coordinates of a point in the
coordinate neighbourhoods U(n®, L")

If we can choose 2 set of coordinate neighbourhoods in such a way
that, when a point P lies in the overlapping domain of two coordinate
neighbourhoods U(m%¢%) and U'(m<, gk')  then we have always
(8.2) £ . FX(E%),

where ¥‘K§K) are compiex analytic functions of complex variables E®
and
(8.3) E" = <+l

we say that the manifold admits a complex analytie structure er simply

complex structure and we call such a manifold an n-dimensional complex

manifold. Such a manifcld is of class C%

Let X, be an n-dimensional complex manifold, then we define its
conjugate manifold in as a manifold satisfying the following conditionszg

The in is a complex manifold related to the manifold X, by a
homeemorphism, mapping each point Pe X, into a point Pe X, , such that
for each coordinate neighbourhood U(E") of P, there exists a coordinate
neighbourhood U(gi) of ¥, which is the image of U(E*) wunder the con-
Jugation and which satisfies

(8.4) g% (P) - EX(P)

In the product complex manifold X,,= X, x iin, the diagonal set of
points (P,ﬁ) form a real 2n-dimensional real analytic submanifold and
this submanifold is homeomorphic to X,.

This submanifold has a neighbourhocod that can be covered by a
special class of coordinate systems (g“,gi) in anin as follows: for
each coordinate neighbourhood U(E™) of X, let U(EY%) its conjugate coor-
dinate neighbourhood defined by (8.4), Then the sets UxU cover a neigh-
bourhood of the points (P,P) and for any one such set, made up of points
(P,Q) where PQelU let
| (PR = E(P), EXP.Q)= M@= EXQ,

‘ then the points (P,P) of the diagonal submanifold are characterized by
- the equation *

g = E.

- o -

Calabi: Isometric imbedding of complex manifolds, Ann,of Math,,
(1953), 1-23.
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We call this submanifold the principal X, of Xga,.
; The transformation of coordinates in X, = X x X, has the form
(8.6) £ £R(E%), ER-ER(ED)
kjwher'e £% are complex conjugate functions of £<'. The transformation (8.6)
fr«educes to
(8.7) ¥ o £9E%), ENa £YED)
on the princlpal X,.
: The Jacobian of (8.6) is

aP‘
2Ex

}ai:"

which is real and positive on the principal X,. Thus the prinecipal X,
~and consequently the complex X, 1s always orientable,

Now, when we have in X, a function f(m%%*) analytic in 7¢ and
g% we can consider it as 2 function of & and ET‘ which can be expanded
.in power series of EX and EX . Then substituting EX by E° we can
‘fregard this as acomplex analytic function of E* and g*

Conversely, if we have a complex analytic function F(E, g ) of
'g* and E£% , this gives a function £(g% E®) 1in the principal X,. We
say that 4(25,",?‘) are semi-analytic in the complex X,
‘ In the following we assume that the components of all geometric
objects in X, .= anin are analytilc,

If we have a function f(E¥ E*) in X,, we consider this as a
function F(g",gﬁ) in X, =X xin , then we can consider

2.8 2 o-f= 2 .
KT g TR ag,u

After this partial differentiation, we put e gf". We call this
'the partial derivatives of F(EX,E%) in X, with respect to g and EX
respectively.

Now we define, for instance, a contravariant vector in X.n 88 2
geometric object which 1s represented by its 2n components (v¥, vk)
with respect to each coordinate system (g£%,£%) whose transformation

~ law under (8.6) 1s

(8.8) vk 2 A v A—'é‘v
_where y . 2
: Ax=arz‘§ > AE -_-BRE
~and consequently A’;’ are functions of £ only and Ag functions of gi
.;}Only.
1f a contravariant vector of X,, is defined at a point of the
‘principal X, , that is, if V"= oR(E,E), vz u™(E,E) , we call it
& contravariant vector of X,

| Equation (8.8) shows that, if (v<,v®) are components of a contra-
variant vector in X,,, then
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(8.9) (v¥,0), (o,uf), (v&, o%)
are also components of contravariant vectors in X,,

Through each point (EX &%) of X,,, there pass a X, and a X,.
We denote the tangent planes to X, and to X, at (£<g%) by, and E,
respectively. Then (vSo) 1s the projection of (v~ v®) on &,, and (o,vF)
is the projection of (v<,uR) on €,.

Between a neighbourhood of X, and that of iﬂ, we have a mapping
defined by (B8.4). This mapping induces a mapping between &, and &, .By
this mapping (v=,0) corresponds to (o,vX) and (o,uv®) copresponds to
{;E,o). This fact gives a geometrical interpretation of the correspond-

‘ence between (v",u") and (Gis w%), That is, we decompose first (v v%)
into (w*,0) and (o,vz) ,then we consider the images of these vectors
under the correspondence between ¥, and E,, Thus we obtain (o, %)
and (v*,0) whose sum is equal to (v%, vk), We call (v® %) the con-
Jugate of the vector (v© vk},

If
(8.10) (vX, vR) = (vX, T%),
we call this vector a self-conjugate vector, Such a vector is tangent
to the principal X,. If we calculate the components of this vector in
the real coordinate system (n~, gx) inX, we get

%(UK*UK) R %(v“-v;‘:).

These are real for a self-conjugate vector, So a self-conjugate

vector 1s sometimes called a real vector,

More generally, if a tensor ij“ (x,8,%,...=1,2,...,n;,1,%,...,R)
satisfies the condition
: '
(8.11) Ty = T3z

then we call it self-conjugate or real where &=% when «=x and &=x
when o=Rr.

Now, as the equation (8.8) shows that when (v®, v®) are components
of a contravariant vector, (iv®,-iv®) are also components of a contra-
variant vector and moreover that when (v¥,vR) is self-conjugate,
(iv®,_iLvk)  1s also self-conjugate,

This shows that the tensor F,° with

— 8% o
(8.12) e = (Y _;.65}
A
or _ - " -
Fik:‘l.si, F*K::O, F-?\k:O F-—-K:-—L(S":n
E&Pe components of a self-conjugate mixed tensor of valence two.
If we put

(8.13) BY = £(AS-1Fe™), CT=4(AZ+iF™),
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then the projections (v*, v®)(v®,0) and (v%, vR) —~(o,v") are
respectively represented by

(8.14) vt B;wﬁ, v C§uh,

Now an affine connexlon in XQJ” 1s defined by @m?® functions
r;;(g) and the covariant differential of a contravariant vector
is glven by
(8.15) Sv* = dv® s r;}; dg¥ v

or
Sv¥ = du® & ( }f)‘u"-r /_f; v r) dEA 4 (Tﬁ"lv7‘+ r;jivi)dgﬁ,
(8.16) . _ .. ~ ) B
Svizdv"+ ( F;A vt r:x v )d.gl“‘+ ( rg;\v" + r;i vx)dgl‘k.
If we put the conditions dgF=dg#, formula (8.16) glves the
coveriant differential of v* in the principal X,.
The trensformation law of the components of the linear connexion
is given by
(8.17) ra;;;, = AL (ALAL Tl + 0,A%)
But because of the special form (8.6) of the coordinate trans-
formation, (3.17) shows that
w! ' A [N !
(5.18) { Fan = ACCAL AL rMmM.A;.),
rEs = AT (AR ALTE ro,A

and that q:i,rj;,rzg,r;;,ﬁgi, ﬁ;i are all transformed like components
of tensors.
In the following,we assume that

(8.19) 1) s .o, rﬁw@sf’,{‘i:o)rﬁﬁ:o‘

These equations have the following geometrical meaning:

F5=0 &= &, 1is parallel along X,.
§;~o & The invariant X,Js build by &, are totally geodesic.
=0 & The invarient X,°s build by E, are totally geodesic.

r&=0 = €, 1is parallel along Xn.
We remark here that the conditions (8.19) are equivalent to

(8.20) V,Feg™= 0.

This is geometrically evident because the En(gg) is spanned by the n
eigenvectors corrccponding to eigenvalues +i(-i) of FA“.

Because of v,A7=0 ,(8.20) is equivalent to

(8.21) vy Ba=0, vy,C5=0

B G e e - A

1) J.A. Schouten and D.van T .%7i~- Tber unitHre Geometrie. Math. Ann.
103 (1930), 319-3"6.
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jugate vector) 1s displaced parallelly along the principal X,, the
necessary and sufficient condition that the result be also tangent
to the principal X,, in other words, that the principal X, be totally
geodesic 1s that II) holds.

In X, =X, xin, a figure in one X, and the corresponding figure
in another X, which has the same components as the first one, are said
to be equipollsnt.

We also assume often

(8.23)  III) -0, F%.o.

If we transport parallelly a contravariant vector v*=(vX o) in

g, along %n, we get

S = dvcs gk F;)\vh— o
or

dv®o _dg® r;)\ ot

Hence (5.23) means that two equipollent figures are parallel.

In a complex manifold, the fact that the components wv*(w,) of a
contravariant ( coveriant) vector field are complex analytic functions
of the E* has an invariant meaning. We call such a vector field
analytic.

If we adopt a linear connexion which satisfies I) and III) the
fact that v* and w, are analytic fields is represented by the following
equations:

(892)'") V,EZUK: a/-l’!)"K::O
(8.25) VF,_WA: bp_wk—; O.

If a complex manifold is endowed with a Hermitian metric

(8.26) ds®= 295, (§,E)dErag"
where
(8.27) 9%k = iR = G

is positive definite, we call the menifold a Hermitian manifold,
If we write (8.26) in the form

(8.28) ds®= geq (B, £F) dEPAE™

then this gives a metric in Zﬁn=X£x§n and gg has the form

(8.29) Gon = (0

Inx
O Jak=9, Grx =9

w
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If we put

(8.30) ‘ Fax = F/.%egea

the tensor F@x has the components

831)  Fa=[ 0 TT) or  Fim0 Fro=-i8xes Fxe=tigws Frr=0
° = +igg © ART Y3 e = -8Rk M =95 FRR=09

and 1s a bivector.

From Fefgge=-Fa*ge  We get by transvection with B

(8.32) 3yp= Fu® Fal ges
because of
(8.33) F o F 8o AL

Now we consider the Riemannian connexion {;k} of X,,. We have

\

(8'34) {Itf.x}: gPKb[Hgy\Jg’, > {[aﬁ?\} 95"{3{;&.9?]7\ 2 Con,j.

K Lo aPSy oo K - :
{px}= 9 239p1> fan§=o cong.
This connexion satisfies, of course, %ngazo but not necessarily

V,Fg“= 0 , where %X denotes covariant differentiation with respect to
Christoffel symbols.

There are many connexions which satisfy

Je—

Lo o= 2
(8.35) VyQex=9 va*F/% =0, rl’ﬁ: r?ﬁ

and whose torsion tensor

(8.36) P

does not vanish. From V,g,,=0 W& get Q

a) S’:,\: gpxa[/u‘q;qp + S/u_;\ - S/{;:{c?\- S;\K/u. conj.
(8.37) ) TX =9 opmgen + S~ SaTa- Si'a conj.
c) r;kz:gp“a[igﬁhb+ Sart- Sutx - SxT x5 conj.
a) i§x= Sax - Safx - Sx" conj.

Here the terms on the right hand side not containing S give the Rie-
mannian connexion {g& with the fundsmental tensor gg.

When Sté“ is self-conjugate, the linear connexions defined by

(8.37) satisfy Vvyggu=0 and r;:/; r‘_- but not always V,Fz*=0

Among these connexions, the follow1ngs which also satisfy Vy F *2
are known.

e G G WD s Gee g B0 e e

1) J.A. Schouten: Riceci Calculus (1954), P.396.
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1°. If we assume that the parallel displacement of a vector in ¢, or
or €, with respect to r;; is the same as that with respect to {;;}
we find

(8.38) F= ot s Taas {5y conj.
all the other components of r;g being zero. [ The connexion of Lichne-
rowlez ]q). :
2°  If we add the condition v, F*= 0 and rEA:C to (8.37), we get
4
(8.39) ‘ T =38 2u

all the other components of F;; being zero., [The connexion of Schouten-

Van Dantziéﬁ?
3°  If we assume 5;% = S5%y (geodesics with respect to [y
coincide with geodesics with respect to the Riemannian connexion), then

we get 3)

(B.40) Fin = 8% %8s, M= 299951
When the Riemannian connexlon satisfles VrFém: 0 , the metric is
called a K¥hlerian metric, For a KZhlerian metric, we have Sﬁ%“:o and
L5 = 97" 33951u=0
from which
d[ig“#ao or 3[;\9?1}1:0.
This shows that there exists locally a funetion $(g.E) such that

We quote here some of the results in the differential geometry in
the large,
Theorem (Bochner)a): In a compact K¥hlerian manifold for which the
Hermitian tensor Rg, 1is positive (negative) definite, that is,
Ranvfvrso (RanvFvr<o) , there does not exist a covariant
(contravariant) analytic vector field except a zero vector,
TheoremB): In a compact Ki¥hler manifold, a vector (w,,0) is harmonic
if and only if w, is analytic in g® and (o,ws) 1is harmonic if and

only if wy is analytic in EF,

Therefore, since (w,,w3) 1s harmonic if and only if (wy,0) and

(o,w3z) are analytic, (w,,wz) is harmonic if and only 1f w, are

analytic in E¥ and wj; are analytic in g¥,

e e W —— - -

1) A, Lichnerowicz: Un théor®me sur les espaces homogtnes complexes.
Archiv der Math., 5(195%), 207-215,

- 2) J.A. Schouten and D. van Dantzig: loc.cit.

553) K, Yano: On three remarkable affine connexions in almost Hermitian
spaces. Indag.Math. 12(1954).

L) S.6Bochner: Vector fields and Ricci curvature. Bull,A.M.S., 52(1946),
T76-T797.

5) XzJ.ViDS Hodge: The theory of harmonic integrals and its application
1940).
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;?heorem (Eckmann and Guggenheimer)1): In a compect K¥hler manifold,
& p-vector w, ..
%auxiv Rp» 18 harmonic if and only 1f the components w, _ ,, 6 &re
enalytic in E* and w; 5  are analytic in g%,

1V*E‘l'zeor'em (Hodge)g): In a compact Kfhler manifold of real dimension 2n,

. we have

Cap whose non zero components are Only'lﬂx1d,kp and

B, 2 B, = B, £ .. = Bagl,
By= By & Byga- - & Barnia s
?;and Bpia-Bp (pr2& n) is equal to the number of linearly independent
ij{with constant coefficients) self-conjugate effective harmonic tensors
- of valence p+2 ,

In this statement an effective harmonic tensor means 2 harmonic
| teénsor Wy o satisfying

(8.42) PR

- r A\
Woaoag - op = o or g W

Now if two vectors u* and v satisfy the conditions
v, vRo_w® or v¥= Fluf,
 the ¢, determined by & and v™ is called an invariant &; or a holomorphic
€, and the sectional curvature belonging to such an € a holomorphic
sectional curvature,
For a holomorphic £,, we have

B Kh‘,&& u.sv‘w”v"‘ _ QK);M’XK.&;LL’L&L&K

(95 9up- Fpdap) wiviulv® (35,850 5xg5p) wiubtuluk

Thus, if we assume that, at all points of the manifold, the holo-
morphic sectional curvature are all the same, then we must have

(8.43) K S = & (35, 950* Ioxdnp)-
It can easily be proved that &k is a constant., Such a space is
called a K¥hlerian manifold of constant holomorphic sectional curvature?)
The equation (8.43) can also be written as

(8.54) Ksrpa = %’ £<Q&xgz’,e"q?u95ﬁ)‘( Foo Fap - FmFé,s)* QFJTFﬁm}-

- e w - - -

1) B. Eckmann and H. Guggenheimer: Formes différentielles et métrique
hermitienne sans torsion, I,II. C.R. 229(1949), 464-466; 489-491.

2) W.V.D. Hodge: loc. cit,

TEB) J.A., Schouten and D.van Dantzig: Uber unit¥re Geometrien konstanter
n Kriimmung. Proc. Kon.Akad.v.Wet. 34(1931), 1293-130%4,

N.S, Hawley: Constant holomorphic curvature: Canadian J.of Math.,
5(1953),53-56.

| K. Yano and I. Mogl: Sur les varlétés pseudokfhlériennes & courbure
holomorphique constante. C.R., 237(1953), 962-96k%,




27

grheorem (Bochner)ﬁ): In a K¥hlerian manifold of constent holamorphic
f@urvature, for a general sectional curvature K , we have

3 0< ﬁ& s Kz k if k>o,
and
| ks K<f k<o if k<0,

;mheve the upperlimit in the first case (lower limit in the second case)
?is attained when the section is holomorphic and the lower limit in the
irst case (upper limit in the second case) is attained when the inner
roduct of two vectors defining the section is real valued.

Theorem: In a compact Kfhler manifold of positive constant holomorphic

_eurvature, we have

Byp=1, By =0 (osal,alrran).

2
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9. Almost complex spacces,

In a complex space X, covered by a set of neighbourhoods with com-
lex coordinates E%= n s+ %S | ERa Mo 1 TRN) 5 R, A, o F

.,n ; there exists a tunsor field F * y @Y, = 1,2, - .0,
: , ,n, whose components are given by
{9.") F;\ o *‘}‘L(S\;\ N F}\ = O B F?‘. = O F?\ = —iés"’

_and which sntisfies

.1,,/;{, ») P Sel o
.,;ig..,_) Fb F,/S “"Aif'

In such a space, the differential eguations

Lo 'm a' ﬁ.‘ oL . {::‘m\ wr ,ﬁ . R s Lo oL
(9.3) (a) F(AZ-1FT)aAE =0 (b) L(AZ+iF")dEl=0
~are completely irtcegroble, In fact, (2) admits the solutions £ =
~econstants and (L) ~dmits thoe solutions E© = constants.

. Of class C*(zz2),
there is given a mixed tensor filcld Fih; hoi,y,. .. =1,2, ..,2n Satis-
fyirg

Wwhen, in 2 2n-dimensional real space X

¢
(9.1) F R LAl

[P

admits an almoest complex structurc and cnll

If there exists a complex ccoordinate system with respect to which

we say that tho spacco Y\?n
spa

_such » an almost complcx space.

the tensor FL“ hae the components (9.1), then in a domain in which two
H

guch coordinate systems T and E* are valld, we have

(9.(:}‘) &E(A £ o ~ agﬁ FOL
X P équ_. Iy - ?ﬁé B B2

L 8 o L e N - v A - 3
from which it follows that E are functlons of ES only and £
i)

functions cf gi only. Thus the space 1s a complex spacc. In this case,
we say that the almost complex struc ture is induced by a complex
structure.

Tn order that an ~lmost complex structure F-h be induced by a
complex structurc, 1t is nccessary that the space be of class C*,that
the F;h be also of cless C¥ ~and that the ¢guations

[N

(9.6) (@ Blag'=o (b)  Chdgl=o

‘be completely integrable, where
L def . . o
(9.7) g yan_iFR) L ChE gL R
faﬂd consequently

F 98 A= BLLCY FhL (B Ch).

2. Ehresmann: Sur les varl jétis presque complexes, Proc.Int.Congr.
yMath. (4952), h1p-419,
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Conversely, if in 2 2n-dimensional space with an almost complex
structure F" of class C*, the equations (9.6.a) and (9.6.b) are com-
plete.y integrable, we get, denoting the solutions of (9.6.a) and (9.6.1)
by g“'z TV (EY) = const, and gﬁ'=gw(g0= const. respectively,

(9.9) A R SR UL )

dE* ag»c agn‘ L agk‘ ’
which shows that F" has the components (9.1) in the coordinate system
Cg", £%'), Thus we have 2)

Theorem 9.1. In order that an almost complex structure Ff‘of class C¥

e induced by a complex structure, it is necessary and sufficient that
(9.6.2) and (9.6.b) be completely integrable.
Such a complex structure 1s sometimes s2id to be integrable,

Since the conditions of complete integrability of (9.6.a) and
{9.6.b) are given by

\ ctcha By, - LN NGt = 0,
+9.10 Lebeto,chy - %(rﬁL“+LAUfFih)=0,
wherc h%f denotes the tensor
(9.1) N 2 R PR RS S R,

we have
£E§9ﬁﬁm,9;§~3) In order that an almost complex structure F" of class C¥
be inlegrable, 1t is necessary and sufficient that Nﬁh vanish iden-
Cicnlly.,

A Concomitant of the form (9.11) was found for the most general
zase 0y A. Nijenhuis, We ¢11 Njf’ the Nijenhuis tensor of Fih.The
Nijenhuls tensor satisfies the feollowing identities:

¢ .- h ..
9.12) N(JL) :OJ NjLL:O‘)

) .. .f 0 ~-h ke L 3)
§9"]3) NJBhFl ="Nji. Fe =“NLE F.) 3

2} Cf. A. Lichncrowicz: Généralisations de 1a géométrie k¥hlerienne
globale, Coll. de Géom., Diff.Louvain, (1951), 99-122,

Vi B, Eckmann and A, Frdhlicher:Sur 1'intégrabilité de structures pres-
que complexes. C.R., 232 (1951), 22 4-2286;

L. Calabil and D.C. Spencer: Completely integrable almost complex
manifolds. Bull. Amer.Math.Soc., 57(1951), 254-255.

) A. Nijenhuis: X, ,-forming sets of elgenvectors, IndagatlionesMathe-
" maticae, 8(1951), 200-212;
J.A. Schouten: Sur les tenseurs de V, aux direction principales V,_,-
normales, Coll.de Géom.Diff.Louvain. (19851), 67-70.

) B. Eckmann: Sur les structures complexes et presque complexes. Géom,
- Diff.Coll.Inter.de C.N.R.S., Strasbourg (1953), 151-159.
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An almost complex structurc which needs not belpg of class c¥ is

e 11ed n b W ho o i
cnlled a pseudo-complex structure 1f N, "= 0. A space with a pseudo-
comnlex structurc is crlled 2 pscudo-complex space,

Is is always possible to introduce in an almost complex manifold
. &) 3 o E » 9 Y
a linear connexion "  such T%%* v, F, M=o, If ?i is an arbitrary

: - o h ~h _—
symmetric connexion nd UL o ﬁ*‘ , we have
A« S i {;9 woh e R o, - L e h
Ve oYL T j_% R ?ém Fo- R kt 3

from which

] , } 9
a1 2 e by en , T h .o ! o= m ~ h
LI G v IR SR TS oA ! I S -
ﬁivgﬁ; J e = U0 -4 Vim ?t ry o=

oy
B

‘ n - o hy e L
f%&{ﬁ&%'z.‘ ;\\f A rL Fi, }T,ﬁn’

4

The operator *széiﬁﬂ» FF) is idempotent but not reversible and
from this it follows that there are more solutions and that

- - o .y h
(9.15) T, = -39, FU) Fy

is one of them (ccmpare with 9,24),
To this solution every term can be ndded that is made zer by the
crator ¥ Far et & mtyph e iyt
operator O, for instance, %«é(v{értj)ift,¥.§(vszi}§Fi»
Then we get the solution
) 5')
a A + h _ =, . L !
(9.16) T M,ﬁﬁ(vﬁ§i})?} 4 i(w &},F

b

On the other hond, the Nijenhuis tensor Sﬂﬁh can be written also

in the form
(9.17)  Nji = QFqu,vm;:L;‘ . vi}%fz"“}\»

where v, denotes the covariant differentiation with regect to an

apbitrary linear connexicn and 5.7 its torsion tensorn

AR

Thus, if the space is ?Diwﬁb—"ﬂmllﬁk and if we inroduce a linear

connexien such that Vjvtﬁm o , then the torsion tensor satisfies

@8]

Do o L g . C
(9.18) ST S O A TRLOUETTANE L UL TLRE

Conversely if we can introduce, 1n an almost coplex space a

linear connexion such that viFf‘ o and (9.18) hol«s, then the space

%3
Theorem 9.3 In order that an almost complex sprt€ be & pseudo-complex
space, it is necessary and sufficient that we @D intrciuce in 1t a
linear connexion such that 9,F"=0 and that (9.18) ho.ds.
Furthermore, if the spacc is pseudo-comylex, we can introduce a
symmetric linear connexion such that v;Fh- O , belause the linear

15 pseudo-complex, Thus we have

-

6) K. Yano and I. Mogi: Sur les variétés OSEudO~K§u¢@Piﬁﬁﬁ@ﬂ 4 courbure
holomorphique constante. C.R. Eg?(?@ﬁﬂy, 962-92%.




connexion (9.16) satisfies

i e B
{9.19) Sp = -g N =0

Conversely if we can introduce in an almost complex space, a sym-
metric linear connexion such that v F "= o , then Nﬂhao and the
apace is pseudo~complex., Thus we have
Theorem Q.4 7) In order that an almost complex space be a pseudo-

complex space, it is necessary and sufficient that we can introduce
in it 2 symmetric linear connexion such that W:FLhm Q.

B

If an almost (pseudo-) complex space has a positive definat

Riemannian metric ds?= g, diE'dg’ which satisfies
. N

> - Y -
(9.20) Fi Pl Gen =g

the space is c¢alled an almost (pseudo-) Hermitian space. In this case

Pihﬁﬁ F;Egih is antisymmetric in ¢ 2nd h . A. Lichne-

the tensor
g
rewicz 7/ has proved

Theorem 9.5 In an almost complex gpace, it is always possible to de-

Tine o Hermitian metric.

In fact, let @, be o tensor which defines a positive definite

Riemannian metric to an olmost complex space and let

rag oa) : Lk
(9.21) 95 = §(aj+ T Qg ),

then gq,; defines another positive definite Riemannian metric and
satisfies (9.20).
The equation (9.29) and the antisymmetry of the tensor F,, show

that the transformation v .o F h

vt ‘hanges n vector v' into 2 vector
crthogonal to it and docs not choange its iength.,

Moreover, we can c¢asily see that
Q(A‘.?i}} f:» = 3&% }‘Vi

are components of an antisymmetric tensor,

If an almost (pseudo-) Hermitian space satisfies Fiih = 0, the
space 18 called an almest (pseudo-) K¥hlerian space.
7) B. Eckmann: loc.cit, in 5).

W.V,D. Hodge: Structure problems for complex manifolds., Rend.Mat.Ser.V,
11(1952), 101-110.

&.M. ~“t%a?‘ﬁn' A cterisation of Kihler manifolds in terms of
> 2l flelds cf nlenes, J. London Math.Soc,, 28 (1953), 260-269,

8) A. Lichnerowicz: Un théoréme sur
Arch.der Math,,5(1954), 207-215,

\
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The relations between these spaces may be seen in the following
diagram:

Almost complex _~~~ Almost Hermitian _ 5 Almost K¥hlerian
- structure , structure structure
w g.h with
. ©
X, of class CY with) plpk 8 Finy=0
( e, Y FoFn = ain
N” = O Nji =0
Lag o h
4 v
PFseudo-complex _~~~~~ Pseudo-Hermitian Pseudo-K¥hlerian
structure structurc ' structure
l(’t::u) T W o LAD
Complex structure —————s Hermition structure — ——p  K¥hlerian structure
I3 a 3 43
In an almost Hcrmitinn space, we denote by VvV the covariant differ-
cntiation with respect to the Christoifel symbols {}7}. If %;Fah
. L i _
vanishes, then the tensors Njf’ nd Fy, vanish too, and conseguently
the space 1s pseudo-Kihlerian.
Conversely, since the Nigenhuils tensor can be written also in the
form
({ /“«%) N Q(F t - ; Fi\?? - )
)'C,‘ 31‘\ = Li r Lkl - § h'out o
g . ranishes 1 the tensors Nijh and F anish
Vj Lh voanisnes the ensgors I nc L}Lh vanisn,
-« Thus we have
Theorem 9,0 7) In order that an almost Hermitian space bte pscudo-

e 2 ¢ SRS 5 2 E
o Kihlerian, it is necessary and sufficicnt that v;Fip vanish,
In an almost Hermitian space, the four following connexions occur
in literature:

a sl 10 : . th

(9.28) (1))t Ny pEEOE™,

' - 11) A O TP e - th
(‘).2,") (11) Fji = {3 5o §<»iji€+vi»‘5?+vi}uji)F R

X 1 : - th

N A A12) L h (hl _t(gF 2 £ .y gth LR (Y Fi‘ kho o
(‘“)'27) (I\’j) ;JL = ij;i - ﬁ(v} Lt +‘J"‘ 32; +"§ j!<vk b.}g "J.}thj

s 9) B. Eckmann: loc.cit, in 5).

K. Yano: Quelques remarques sur les variétés presque complexes.
Bull.Soc.Math.France, to appear.

K. Yano and I. Mogi: loc.cit. in 6),

A, Lichnerowicz: loc.cit, in B),

-

11) K. Yano: On three remarkable affine connexions in almost Hermitian
spaces. Indagationes Mathematicae, to appear,

12) J.A. Schouten and K. Yanc: On an intruisic connexion in an X,, with
an almost Hermitian structure. Indagationes Mathematicae, to appear.
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All these four connexions satisfy
(9.28) ViFin=0.

We shall give a geometrical characterisation for each of these
connexions, In the following, we put

(9.29) SHEEE I T

The first connexion is characterized by the following property:
Take an arbitrary contravariant vector uh, We can associate with this
contravariant vector a covariant vector defined by Fw‘uh . The hyper-
plane representing the covariant vector Fy,u" contains the direction
representing the contravariant vector uP., So this i8 a so-called null
system. Now we transport the contravariant vector u" parallelly with
respect to the Riemannian connexion from the point E“ to the point
E" + dg" |, Then we get at  E" + 4E"

(9.30) uh_dgi{nut
Next we transport the covariant vector Fﬁhuh parallelly with respect

to the linear connexion I}ﬁ from the point E" to EM+ dE" . Then we
get at E"+ dEN

- gt . h
(9.31) Fi,‘n“hwdgjﬁ{j;,} + Ty )Fihu :
We assume that the hyperplane representing (Q.Bﬂ) contains the

direction representing (9.30) for any vector u" and for any displacement

agh |, This condition can be expressed o8

B

(9.32) T P+ T Fru=o,

i

4

From the equations (9.28) and (9.32),we get (9.24).

With respect tc the first connexion, we have

4

(9.33) V,49in= 0,

14
o , -
(9.3%4) T = Nnj- 5 Fon Pyt

In the Hermitian casc, this connexion reduces to the connexion of
Lichnerowicz mentioned in § 8.
The sccond connexion is characterized by the following property:
Consider 2 contravariant vector u" and a covariant vector Finu" which
® contains the vector u". We transport the covariant vector Fyu" parallel-
ly with respect to the Riemannian connexion, and with respect to the
® | inear connexion T;l respectively from the point gh to the point
ghsuhe  where & is an infinitesimal. Then we get at Eh+uhe
Flpu’- u! e} Fena”
and :
Fiau®-wie[{4}+ T3] Frau”



Y p
R by
- ) -
e

We assume that thesc two vectors coincide for any vector w", This con-
dition can be expressed as

o g i -+ i
o (\‘»}.3{)) Tji f:eh& U ngm(),

From the equations (9.28) and (9,3%), we obtain (9.25).
With respect to the second connexion, we have

({;}.36) T‘}:_}'l Ni”;;, - &f" tﬁ{
2

Thus in a pseudo-Hermitian space we have Tﬁhzzﬁgeﬁth¢ and conse-
quently

(9'37} éjgxhﬁe

In a Hermitian spacc, this connexion reduces to the connexion of Schouten-
Van Dantzig mentioned in § 8,

The third connexion is characterized by the following property:
We assume that the geodesics with respect to F; colncides with the
gcodesics of the Riemannian connexion, Then we have QR): {;} sWhich
can be expressed as
(9.38) T P+ TR0

it 1 3

From the equations (9.28) and (9.38), we get (9.269.

With respect to the third connexion, we have

. 2 3
% - e ) - L@ :
(Q.BJ) !&Lh = % N‘;Lh I ;’53 ‘VHHFLM =
mpe e ko
J = %‘NJLH%‘;‘}FJ F'\. }“h me%

. s 3 me bk ,
Thus In a pseudo-Hermitisan space, we have TJuw= 5 U R VA and
consequently

3

In a Hermitian spnce, this connexion reduces to the third connexion
discussed in & B,

The fourth connexion is characterized by the following property:
We first assume that @}g‘h = 0, é-?dq: 0 . Next we assume that, in two
directions u”snd Fi"u' | there cxists an infinitesimal parallelogram,

The last condition is equivalent to
- { - . h £ . o h - ﬁ
2(0-41) Sjn Fuw S Fii=o
From these conditions we get (9.27). In 2 Hermitian space, this con-

“*nexion reduces to the connexion of Schouten-Van Dantzlg discussed in § 8,
For this fourth connexion, we get instead of (9.17) the simpler for-

mulae <3Tf5m = S“h,
Njh=eroTrs b
T ]
vhere om’ﬁ = § (AT Al F:"‘F:f),
ji

«th , é{AmAh%F e h)
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In a pseudo-K&hlerian space, we have ¥;g,,=0, V;Fp=0.
Applying the Ricci formula to F ", we get

L hot o le.h
(9.42) Kijt F. wKMath .
A 4
(9.43) Kgget Fho o= Kejhe B s
. ¥ 14

Transvecting (9.42) with gii, we find
KR FE" = Kt F™0 = 4 (Kimt" - Kign") F™
from which
(9.45) Kl P = mg Kt F ™

Thus . .
Ke Fop+ Ky Fre=0,

from which

L f e mpe b
(5.46) KjFm - KRR

e ]
(9.47) Kji = Kt FMFLY, or OT(Kp=o.

Using these relations, we can prove

fglggggyijgglﬁtiz If a pseudo-H{&hlerian space is of constant curvature,
then it is of zero curvature.

Theoremm3.81¢). If a pseudo-l{dhlerian space is conformally Fuclidian,
it is of zero curvature.

Theoremxg.Qqs). A projective correspondence between two pseudo-K&hle-
rian spaces 18 necessarily affine.

Theorem 9.1016>.A conformnal correspondence between two pseudo-Kghlerian
spaces 1s necessarily a trivial one.

13). S.Bochner: Curvature in Hermitian manifolds. Bull.Amer.Math.Soc.
53(1947), 179-195.

14). K.Yano and I.lMogi: On real representations of Kihlerian manifolds.
Ann.of Math., 61(1955), 170-189.

15). S.Bochner: see 13).

' WeJsWestlake: Hermitian spaces in geodesic correspondence.
Proc.Aner.Math.Soc., 56(1954), 301-306.
K.Yano: Sur les correspondence projective entre deux espaces pseu-
do~hermitiens. C.R. 239(1954).

16). W.J.Vestlake: Conformally Kdhler manifolds. Proc.Cambridge
Philos.Soc. 50(1954), 16-19.
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Theorcm 9.1117)

. A necessary and sufficient condition that a Zn-
dimensional pseudo~Hermitian space be conformal to a pseudo~K&hlerian

space is that, for 2n>4,

ok
(9.48) Cin= ﬂm—Q;J(Fyﬁ+Fmﬁ+FMFOn°

and for 2n = 4
(9'49) C’)Lﬁ 224[3&330,
Now we put

def v ‘
(9.50) Hip = Kejih Fa L2 Ky Fyj -

We see that the Hy  1is zero if and only if K;;=0 and that
(9.51) F  H | = -2x.
Moreover from the Bianchi identity, we have
(9.52) Vit Hejy=©:
On the othér hand, we have

(9.53) gt v, Hy; = R (2 Ky Fj) = 29K T

= (VMK) F)m
Thus:

Theorem 9.12. The tensor Hy; is harmonic if and only if K= const.,
and it is effective (that is, FMHy =0 ) if end only if X = 0.
Theorem 9.13. If, in a compact pseudo-Kihlerian space, Kii#0 , X=0,
then B,2z 2. (Sec the theorem of Hodge at?f).

Theorem 9.14. If, in a compact pseudo-Kihlerian space K  # 0O ,
K=const.zo and B,=1, then K; = éﬁ g

In a pseudo-Kihlerian space, we call a field v, satisfying

(9’54‘) FJ£V‘\7’£_F‘£\7¢V’=O
a covariant pseudo-—analytic vector field. From (9.54) we can deduce

(9;55) gjivjv-kuh..!'(éu,':o,

- -y o _-"_—g -

17) W.J.Westlake: loc.cit. in 16)
K.Yano: Geometria conforme in varietd guasi hermetiane.
To appear.

»
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which is anecessary and sufficient condition that a vector field w,
in a compact orientablc Riemannian space be harmonic.18)

Conversely if v, is harmonic, then we have (9.55), from which

(9»55) g“’vJVt F,;.‘hvh__?(r;’hf;h!vtmo

oy virtue of F.Pwp' = K. "F.Y . It follows from this that F."v,
is also harmonic.
Thus from

-t -
‘73‘02 = Vy v, and V;&(F.‘3 ‘Ut)_vé(th'\J’g):O

we get (9.54), from which
Theorem 9.15. In order that a vector field in a compact pseudo-Ké&hle-
rian space be covariant pseudo-analytic, it is necessary and sufficient
that the vector be harmonice.

Thus applying a theorem of Bochner

19), we obtain
Theorem 9.16. If the Ricci curvature of a compact pseudo-K&hlerian

space is positive definite, there does not exist a covariant pseudo-~
analytic vector field.
In a pseudo-Kdhlerian space, we call a field +" satisfying

(9.57) LFM=. Flo,vhs Fiovloo

a contravariant pseudo-analytic vector‘field, where fg denotes the
Lie derivative with respect to " . From (9.57) we see that if b

is contravariant pseudo-analytic, then F;’“m{L is also contravariant
pseudo-analytic. lioreover, if u” and v" are both contravariant
pseudo-analytic, then denoting by c§ and %; the Lie derivatives
with respect to uw" and vh respectively, we have éTFihz.o and

£ Fhao from which (££) F."=0, where ({«é’) denotes the
Lie derivative with respect to the vector f?«x“ . Thus we have
Theorem 9.17. If u" and vh are both contravariant pseudo-analytic
vector fields in a pseudo-K&hlerian space, then

Flub, FPol ) £ul) LUl LFRPLE, £ R
N 7w Far v Fur

are all contravariant pseudo-analytic vectors.
In an almost complex space, we have the following identity

h ‘h A h i L A
(9.58) Lube FREF W+ FOL U - £ FiMuta NjPulvt

— . 1 W it U S G

18). K.Yano and S.Bochner: Curvature and Betti numbers. (1953).
19). S.Bochner: Vector fields and Ricci curvature. Bull.Amer.Math.Soc.
52(1946), T76-797.
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from which
Theorem 9_18.20) In order that an almost complex spacc be pseudo-
complex, it is necessary and sufficient that the left hand side of
(9.58) vanish for any vectors u" and v .

If we put

)
Uo‘j;_w ?ar’ wij , Wy o= F'\ W o, Myyo® 27‘:5%‘1,
we have also the following identity
o N . h otk
(9'53) aO“uwa NJ»\. W ¥+ QFJ Omu”c,
where
k 2 oAk Pk

(9.60) 20 < AbAl _F TR
A tensor w,  satisfying 0wy =0 ig said to be hybrid.

Thus we have
Theorem 9.19212 A vector field with a hybrid rotation is always
transformed by F." into a vector field whose rotation is also
rybrid, if and only if N "=o.
Now from (9.57) we have

(3.61) qjlv‘vixrh"‘ KPhwiao,

from which we get the following theorems which hold in a compact
orientable pseudo-K&hlerian space.

Theorem 9.20. A contravariant pscudo-analytic vector field vh  satis~
fying v,v'-=o is a killing vector.

Theoren 9¢21. If the space has a negative definite Ricci curvature

there does not exist a contravariant pseudo-analytic vector field
other than zero vector.

~

Theorem 9.22. If a vector is at the same time contravariant and

covariant pseudo-—analytic, then it is a covariant constant vector
field.

Theorem 9.23. If a contravariant pseudo-analytic vector field vh
satisfies FM o vp =0 , then F"vt is a killing vector field.
Theorem 9.24. If a contravariant pscudo-analytic vector field "
satisfies q'"
field.

We call a sectional curvature determined by two orthogonal

v upev, FPvw,=0 , it is a covariant constant

vectors ub and Fhu the holomorphic sectional curvature.

We can prove 22)

i i i o B i W S

20). B.Eckmann: loc.cit. in 5).
51). J.A.Schouten and K.Yano: loc.cit., in 12).
22Y. K.Yano and I.Mogi: loc.cit. in 6).
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Theorem 9.25. If a pseudo-i#hlerian space has a constant holomorphic
scctional curvature at any point, then the curvature tensor of the
gpace is of the foru

&
(9.62) Kk“h*%{(9%9p~%m6m3+(ﬂmFumeFm>~RFth]v
where k is a constant.
Theorem 9.26. In a pscudo-Kdhlerian space of constant holomorphic

curvature, a general sectional curvature determined by two orthogonal
unit vectors u" and vh is given by

(9.63) Km%(!«k%ﬁ.ﬁ),

where a= F,uvh is the cosine of the angle between two unit
vectors F."u* and v" and consegquently &’ =1 , Thus

ith

& < ~
3 k £ k for k>0
&

B e x g2 for k<o.

= g

(9.64)

Theorem 9.27. In order that, in a pseudo-Kéhlerian space, there
exist always a two-dimensional totally geodesic subspace passing
through an arbitrarily given point and being tangent to an arbitrarily
given holomorphic planc at this point, that is, to a plane determined
by an arbitrarily given vector u  and Ff‘uL , 1t is necessary
and suffirient that the space be of constant holomorphic curvature.
¥ Theorem 9.28. In order that a pseudo-K&hlerian space adnit a group
’of motions which carry any two vectors uh  and F;“u‘ at a point P

# 40 any two vectors 'u" and FRat at any point 'P , it is necessary
and sufficient that the space be of constant holomorphic curvature.

Theoren 9.29. In a pscudo-Kdhlerian space of constant holomorphic

curvature k >0 , the distance between two consecutive conjugate

points on a geodesic is constant and is equal to 6%77.
<
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§ 10. Groups of transformations.
o)

1 The Lie derivative of a2 geometric @bje&t.w)

In an n-dimensional spnce of class C* covered by a set of neighbour-
hoods with coordinate systems (x ), 2 geometric object at a point 5"

is defined as a correspondence betwecn the allowable coordinate systems

i

in regions containing E® and the ordered sets of N numbers satisfying
the following conditions:

1) To every coordinate system (x ) there belongs one and only
one ordered set of N numbers,

2) If Q*; A= 1,2,...,N corresponds to (x ) and on;
N= 2, N to (x'), the 0N are given by the equations

of the form

(10.1) QN L FA(OE E% E% AL, 1A%, 0, a AR

3) The functions F”, denoted by F"((,%,%')

for the sake of shortness, satisfy
FA(FIQ,EE),ELE )= FA(0Q,5,8"),
(10.2) FA(05,8)= O, ‘
FA(F(Q,E,E),EE)= 0N
If the functions F” contaln the énrti%l derivatives of E% with
respect to EX of the maximum order p , the object 1is said to be of class
p (p£e).

We now consider a point transformation
(10.3) gRa 9(EY) ; Der(afT)# 0,

which estnablishes a2 one-to-one correspondence of class

C* between the points of region R and those of some other region R
The transformation (10.3) associnates a point '§°  of R' with =a

point E* of R, Thus the transformation §-E inverse to (10.3) associntes
a point E* of R with 2 point '§° of R'. We now introduce another coor-
dinate system (x') such that the transform in R by '§ -E has the samc
coordinates with respect to (x') ns the original point in R had with
respect to (x). Hence

(10.4) BN = LR o £R(EY)

Then we say that the coordinate system (x) is dragged along by the

point transformation 'E»§ and we call (w') the coordinate system

drogged along by 'E- E.

If a field of = geometric object ONE) is given with respect to 2
coordinate system (x), we dcfine a new field of a geometric object
0N (E) by the equation

o o S - T




] & 3 o vy ey e s H . 3 " o s & "3
with respect to the cooriinate oystem (=), The difference
,(\/\; (E) ~ ”’*%f{"a r’;"\{ e\ ) N{ Ef
L P A ‘;) LA lg s Ad g} SO S | & )

with respect to (x'), or

(10.€) Q% (g). NNE)

o

with respect to (x) is called the Lie difference of the geometric ob-
ject NME) with respect to the point troansformation (10.3).

When this Lie difference 1s zero, we say that the object QME) is in-
variant with respect to (10,3).

When the point transiormation (10.3) is infinitesimal
(10.7) EF = §Navr(E)dt,
the Lie difference of O tankes the form
(10.8) 'NNE) - QNE) = £ a
: - Y

led the Lie differentinl of (O with respect to (10.7), or
¢t to the contravariant vector uSdt

The %"fl is called the Lie derivative of Q" with respect to
v and 1s given by the formula

y “ E M b P AR My 5 S
(10.9) % Q= O 2o, B Ohg AV

*’A.

where

- A - A
(10.,10) EAR A \ SE
e =
3(8,  a,A%) Jgt

2 . The invarilance groun of 1 veometrlc obgect,

£

All the tronsformations which leave invariant a geometric object

form a grour. This group is called an invariance group of the geometric

object. We shall give some well-known examples,

If, in a Riemannian space V, with the fundamental tensor g,, , @

e

point transformation not change the metric, the transformation i1s

alled a motion in 2 Riemannilan space,
Theorem 10.1. In order that an infinitesimal point transformation
(10.7) be a motion in 2 V, , 1t is necessary and sufficient that

(,10‘1,1) %jgf\m = v)\‘\?x + VKU’}L»::‘

This equation is called the Killing equation, A vector satisfying
the Killing equation is called a Killing vector. . l
'y

D
Theorem 10,2 2) Any closed group of motions In a ¥V, of claas
= 4

-

C*(r&2) is a Lie group of motions.

2) S.B. Myers and N,E. Steenrod: The group of isometrics of a Rieman-
nian manifold. Ann. of Math., 40 (1939), 400-416.



If, in n sgpace L, with a lirenr connexion a point transform-

"
‘&;&33
ation does not change the linenr connexion, the transformation is called

an affine motion in the L, .

s
-
5

Theorem 10.3. In ovder an infinitesimal point transformation

10.7) be an affine moticn in an L,, it is necessary and sufficlent thnt
™o Y

(10.12) % Fon = Y (Vv SerfvPrar, reVe o,

where the S,,° and the R, nare the torsion tensor and the curvature

tensor respectively of the space,

Theorem 10,4, 3) The group of nll affine motions in

o3

complete L.

of class €= 1s a Lie group.

i i

An L, is said to be complete if and only 1t every geodesic can be
extended for any large value of the affine paraometer on 1it.

If, in a space A, with 2 linenr symmetric connexion I'% , a point

y.éks
odesic, the transformation

ol

transformation changes any geodesic into a

is called a projective motion in the A,

Theorem 10.5. In order that an infinitesimal point transformation

K

10.7) be a projective motion in an A,, 1t is necessary and gufficient
that
(10.13) & p, AT & prLAL

hes S N I

where p, 18 a certain covariant v

If, in a2 Riemannian space V, , 2 point transformation does not

¥

edd

$
change its angular metric, the transformation is called a conforma
motion.

Thecorem 10.6. In order that an infinitesimal point transformation

(10.7) bve 2 conformal motion in o V., it 1s necessary and sufficient
that
(*’}{}.’%2@} w{ Daw = 285,
where the @ is 2 certalin scalor,
Theorem 10.7. +)

which leave invariant a linear, projective or conformal connexion is 2

o

group o transformations in a space of [Oha

8

Lie group.

)f

When a field of a geometric object QME) is glven in mn-dimens-
ional space, we call the complete Invarlance group the largest group of
transformations which leave invariant the geometric object RAESS

Studying the integrability condltions of (10.11), we obtain

Theorem 10.8. In a V., the maximum order of the complete group
of motions is :n¢n+s) and if a VvV, admits such a group, the v, is of
consfapt_gurvature.

3) K. Nomizu: A group of alfine transformations of an affinely connected
space. Proc. Amer.Math.Soc., 4(1953), 816-823.

4y 8. Kﬂbaymshi, Le groupe des transformations qui laissent invariant
le parallélisme, Colloque de Topologie de Strasbourg. (1954).
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Studying the integrability conditions of (10.12), (10.13) and

(10.14), one can prove
Theorem 10.9. In an n-dimensional space, the maximum orders of

complete groups of affiné, projective and conformal motions are respect-
ively nf4n, nPean and Fne)(ne2) .§7 If a space admits such a
group, the space is respectively affinely, projectively and conformally
Euclidean.

20 - : ; o .
37, Groups of motions in 2 Riemonninn space.

6)

n>2, cannot ndmit 2 complete group of

We first state a famous theovem of Fubini.
10.11. AV
motions of ordcr 4ntn+o-1.

In 1047, H.C. Wong

Theorem 10.12., I an n-dimensional Finsler spaces; n>2, ngd,

H;

-]

)
/ proved the

vdmits 2 group of motlons of an order greater than fn(n.t) + 1 sthe
space is Riemennian and of constant curvatu

To prove this theorem, Wong used the Tirst of the followlng two
theorems of D. Montgomery and H., Samelson. 8)

Theorem 10.13, In an n-dimensional Euclidenn spacesy ngz 4, there

docs not exist a proper subgroup of the group of rotatlons of an ordcr
(n

grenter than f(n-4)(n-2)
0.

Theorem A4, In n n-dimensional Buclidean spacey n»>2, nel4 , ngd,

3,

4 i
2ny subgroup of the order ﬁgm.«Bgn"z} of the group of rotations

wes invariant one nnd only once direction
According to the thecorem 10.12 of Wang, we can state

Theorem 10.15. A V., 3 n>2, ng 4, which is not of constant curvh-

ture cannot admit a complete croup of motions of an order greater thon

Fn(n-1) + 1

oy o e .
On the other hand, IT.F. Egorov “> nroved in 1947 the following two
¥ e t - o

theorems

""" ) Suhﬁﬁt*: kl' GG“(?{}’}Q‘EY”\}
Univ., 29 (1940),

K, Yano: Groups of
(1949).

AJH. Taubs:s A characterizatio
Math. Soc., 55 (1949),

2

€) G. Fubini: Wii g
innali di M%?

rmal connexion. Sci.Rep.T6hoku Imp.

in gencralized spaces. Tokyo,

&

AY
of conformnlly flat spaces. Bull.Amer.

ruppo continuo di movimentl:

7) A C. Wang: On Finslcr spaces with completely integrable equations of
(11ling. Journ. of the Londc Inth, Soc 0 (1947), 5-9.

¥

%} D. Montgomery and H.
Ann, of Math,, 44 (19
9) I.P. Egorov: On a st
the group of mwzlﬁﬁﬁ

(‘ﬂ’«i‘ )1 66 €1:}&€*‘)3

rmation groups of spheres.

Lu”* i's m”z&r@m in the order of
space, Doklady Akad. Nauk SSSR
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Theorem 10.16. The maximum order of the complete groups"of motions

of those V,’s which are not Einsteln spaces 18 Fan-)+ 1.
Theorem 10.,17. The order of the complete groups of motions of

those V,’s which are different from spaces of constant curvature is not
larger than {n(-1)+2. .
Now using the same method 28 was used by Wang, we can prove

Theorem 10,18, In a V, 5 ns4 , there does not exist a group of

motions of the order « such that

Fnns1) >t > fn(n-1)+1.

Thus it would be interesting to study the Vs which admit a
group of motions of the order z=in(n-1)+1.
For n=323 , we have

soln+1) =6 fn(n-1)+1 =4

By the theorem of Fubini, there does not exist, in a YQ , O com-
plete group of motions of the order 5.
E. Cartan 10)

ting a group of motions of the order 4, and obtained

studied the 3-dimensional Riemannian spaces admit-

Theorem 10.19. The 3-dimensional complete, simply connected Rie-
mannian spaces which admit a group of motions of the order b are

homeomorphic to one of the foll ow1ng spaces:

Euclidean space, topological product of a2 straight line and a2
sphere,

Space of positive constant curvature,

For the gencral dimensionnl Ricmannian spaccs, I obtained the
following

,‘ A 3 o a o
Theorem 10.20. 1) In order that an n-dimensional Riemannian space,

n>4, nx & , admit a group of motions of the order 4n(n-1)+4, 1T 13
necessary and sufficient that the space be a product of a stralght linc
and an (n-1) - dimensional Riemanninn gpace of constant curvature or 2
space of negative constant curvature.

This theorem contains two exceptional cases n=4 and n=8.
S. Ishihara °

that is, the 4-dimensional Riemannian spaces which admit a transitive

studied the 4-dimersional homogeneous Riemannian spaccs,

group of motions and he obtained

10) E. Cartan: Legons sur la géométrie des espaces de Riemann, Gauthier-
Villars, Paris (1951), p.305.

11) K. Yano: On n-dimensional Riemannian spaces admitting a %roup of
motions of order 4n(n-1) + 4 . Trans Amer. Math.Soc., (1953)
260-279.

12) S. Ishihara: Homogeneous Riemannian spaces of four dimensions. Forth
coming.
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Theorem 10.21, The four-dimensional connected and simply connected

homogeneous Riemannian spacces are homeomorphic to one of the following

spaces.,
4-dimensional Fuclidenn space,

h-dimensional spherc,

projective complex space of complex dimension 2.
product of two 2-dimensional spheres.

product of a straight line and a 3-dimensional sphere,
product of a Euclidean plane and a 2-dimensional sphere.

For n=4, we havc

sn(n+1) =10, Fr(n-1)+4=7.

Ishihara studied the V,’s which admit a2 group of motions of the order

9 or 8. He obtainead
Theorem 10.22, In =2 Vy s

3V, admits a Gg of motions, the group 1is transitive and the space 1is

there does not exist o Gg of motions. If

2 Kihlerisn spacc of constant holomorphic curvature.

Ishihara proved also that the theorem 10.20 is valid for n=4.

M. Ohatna 13) proved that the theorem 10.14 of Montgomery and
Samelson 1s valld 2lso for n=&, 2nd consequently that the theorem
10.20 18 valid also for n=8.

I. Mogi and myscli studied the groups of motions in n pseudo-
Kihlerian space and obtaincd:

Theorem 10.23, I n pseudo-Kihlerian space admits a group of

motions which caorry every holomorphic section at an arbitrary point
into a helomorphic scction nt 2an arbitrary point, the space is of ho-

lomorphic constant curvaturc.

o) . - ‘ . :
4%, Groups of 2lline and projective motions,

~In 1947, I.P. Egorov ) provad
Theorem 10.24%, The maximum order of the complete group of affinc

motions of those A8 which arc not E, 1s n® (nz3).

We can caslily verifly that the theorem 1s also true for n=2.
15)

)

He proved in 1949 that the theorem 1s also true for an L, and

OVer

Theorem 10.25, An A, which admits a complete group of affine

btions of the order n? is projectively EBEuclidean,
) M., Ohata: On n-dimensional homogeneous spaces of Lie groups of
dintension greater than &ri(ﬂ~1) . Forthcoming.

14) I.P. Egorov: On the order of the group of motions of spaces with
affine connexion, Doklady Aknd.Nauk SSSR (N.S.), 57 (1947),867-870.

15) I.,P. Egorov: On groups of motions of spaces with asymmetrical af-
fine connexion. Ibidem, 64 (1949), 621-624,



“y 3 i a -
orem 10,20, An L, , ne« , which admits a complete group of

“

2ffine motions of the order n?* has » gsemi-symmetric linear connexlon,
A semi-symmetric linenr connexion is 2 linear connexion whose
torsion tensor has the form

(10.15) 25,2" = SuAR- SHAL

A
h - * & é - q » o, ! Y\*‘:
A8 to the groups of projective motions in an A,, G. Vranceanu )
T T b 17 C . :
and I.P. Fgorov ) proved the following interesting

Theorem 10,27, 10 an A, ~dmits o complete group of projective

L&) 13

<
=

motions of an order > n*.an+s , the space 18 projectively flat,Therc
exists always, for any given number of n, an A, which admits a group
of projective motionsg of the order n®.2n+s5 , and which is not pro-

Jectively Euclidean., In this cnse, the group is always transitive,

50. The A, and L, =2dmitting 2 complete group of affine motions of an
order o> n®*.n + 1.
1.P. Egorov hos proved the {ollowing theorems,
Theorem 10.28. We consider on A, which admits a2 complete group of
Affine motions leaving invorisant 1 gymmetric covarlant tensor H andd

AN

we denote the rank of thoe matrix H ny m

{u.}\
Then we have

(1) The order =« of the group satisfles the inequnlity

{"%‘., R ‘1113 7% nten . nma 4 m{m-1)

It in (10.1€) the sign = holds, the group is transitive,
-

There exists o snace ndmitting a grcup of affine motions for which
2 & ¢

the sign = holds in (10.10).

Theorem 10,29, We consider an A, which admits 2 complete group of

affine motions lenving invariont an 2lternating covariant tensor %Mk
, y ; 5 \ \ Y . N .
and we denote the rank of thoe mrtrlx S, by 2k, Then we have:

{ T . o~ ) T, oy e v g . .
(1) The order =« of the group satisiies the ineguality

(2) In pzarticular, if the spnce 1s projectively Bucelidean and Sua= Ry

0, t) s nfo(n-k)(ak-1)

) There exists 2 space for which the sign = holds in (10.18).

(4) If the sign = holds in (10.17) or (10.18), then the group is trans-
itive.

16) G. Vranceanu: Groupes de mouvements des espaces 3 connexion. Studii
1 ’ A 0
g1 Cercetari Matematice, 2 (1951), 387-444,

”1[) I.P. Egorovs Collinc-tions of p 3
Skad, Nouk SSSR. (N s.), 80 (1951), 709-712,

18) I.P. Egorov: A tensor characteristic of A, of non zero curvature with
maximum mobility. Do lady Akad.Nauk SSSR (N.S.), 84 (1952),209-212.

rojeetively connceted spaces. Doklady
{



Theorem 10,.30. We consider an A, which admits an = -parameter
complete group of motions.

(1) 1Ir t>niin+t,
(a) The space is projectively Euclidean.
(b) The Ricci tensor has the form Roun= -(n-1)ewwn ,
where e=x1 and where w, 1s a gradient vector, w,=3duw.
(c) The vector w, satisfies the relation

(/lo"/]g) . vﬁwxscw#wh,

where o 1is a scalar which is a function of w.

(2) We assume that the conditions (a), (b), (c) are satisfied,
If wy=0, the space is affinely Euclidecan.
If wyz0, o=const., we have =z=n* and the group is transitive.

If wy#0, oxconst,;, we have =z=n%1 and the group is intransitive.

(3) The conditions (a), (b), (¢) are cquivalent to the following ones
which constitute a completely integrable system of partial differential
cguations:

In a certain coordinate system, the components of the connexion
are given by ’

(10'20) () r,:x = P/U.A);; + P?\A,i ) Ba= 3xF’~
(10.21) (B)  duPa= PuPa+ EWL W,
(10.22) D] = TW) W wn + WP+ WP W= dw

From (1) (a) and (b) we sce that the curvature Q9@§< of the space
is of the form
(10.23) Dv,w\K: e(wvA;i-wMA'.f,)m}\)

. = = oK fo) i i o
and hence the qux gotigfies

(10.24) Vo Ryiin ™ = 20w Ry i X

This shows that the space is a so-called w -space of the English
School. The form (10.23) of the curvaturc tensor was also obtained by
Y. -Moto 19).

From (3} we sce that there e¢xists an A, which admits a complete

oup of affine motions of the order w* or n.q.

Theorem 10.31. We consider an L, with a semi-symmetric linear con-

nexion ©f

/./J;\:
(10.25) 2?@1”: %MAi_NSAA“ R Su# 0
and denote the space with the symmetric lincar connexion Ibim by A,

19) Y. Moto: On the affinely connected space admitting a group of affine
motions. Proc. Japan Acad., 26 (1950), 107-110.

Y. Moto: On a curved affinely connected 8pace admitting a group of
affine motions of meximum order. Sci. Rep.Yokohama Nat.Univ.,,Sec.I,
No.3 (1954), 1-12.



(1) 1In order that the L. admit a complete group of affine motiong of
the order n®, it is neccessary and sufficient that
(a) the A, be projectively flat,
(b) the Riccl tensor R, of the A, be of the form

(10.26) Ren = ~(n=1)8 s 85

(c¢) in which the vector s, satisfics the equation

(10.27) '\V}As,\:csﬁism

fa

where ﬁu is with respect to Qﬁm and ¢ is 2 constant.

(2) The conditions (a), (b), (c¢) arc cguivalent to the following
completely integrable system of partinl differential equations:

(10“08) (o) r-(;k) = p/.L'Ai + p?\A;:L H) r[;iy\.] = S/(LA’?(\ - s?\AK 3
(10.29) () FPr = Peefoa+ ESudy 5 E=xi,
(’IO.BO) €9 6/_;5;\ = CSuBA+ Supat SAPu-

From (1) we can sce that the curvature tensor Ryun® Of Ly is of
the form

) , K,
R)-‘,&L?\K = (&..C.J)(‘S.‘)AH‘ - S/U..Af)) Sx -
From (2) we see that thore cxists an L, with 2 semi-symmetric
linear conncxion which admits o group of offine motions of the order n*:

0 ; s . . . ,
67, Als admitting a group of affinc motions of the order zz2n?. n+s.

We consider the group H, formcd by the non singuler affine trans-
formations

(10.31) Kol

and denote its subgroups by

HT ak Det (o) >0,

M pn CL:\" 5 Det (Q;): (Y
K af afzodf, x>0,
L a¥ aiz1, a%¥=o, Det(af)=1, =2, .,n,
[N af aj=1, a;=0, Det(af)=1, =2, ,n,
Mo a% ; al>o0, a%=0, Det (af)=1, a=2,. ,n,

Mo ay al>o, al=0, Det(af)=1, a=2,.,n,



I(b) N Q-‘;\::

o...,-»<
O
©

o

&

H.C. Wang and K. Yano 20)
Theorem 10,32, A

zn*.an+ 8

proved the following theorems.
closed and connected subgroup of the order

of H, is, except for a coordinate transformation, equal to
one of the group, HJ, B, KxM, KxM' Kxl., Kxl', I(L)xb, I« L and L

Theorem 10.33, If an A, admits a
order zzn*_n+ 5

group G of affine motions of the
, the
order of G(P), the group G of affine motions, the order of G s and the
structure of the space, we have only the following cases:

; for the isotropy group' G(P) at 2 point P

Isotropy group

Group Order of Structure of the space
G(P) G(P) G G A
Hn n? transitive 24 Rggx“=og
4+
Hh n 2 2 32
Ph N4 » n*4-1-1 »
"KM n*nt » A4 ,
i
K xM 2 a1 22 b2l
box L n-.n " n? 2
Kox ' . » 2
Ty = L ’ " .
[ How o, Ry con Koo
[ trandgitive ., LD dib=o R
|
HESTY N S ’ D”'K—Pa‘("’ A v Ao,
AL AN | Span E Wy ./L.Au# ) Uy
] I
{ { 5 - '
I ; \7/ PRASPNE N W W,
{
’ w ko constants.
yd ¥ (i) irbgo, Q;’,‘:L;\K:O-’
; (i) 1+b=zo0,
4
! . - }
Lantrangitive n. 1 R e k(e A;,_ - LLZLLA\T‘ Yy

o ———— - - - —

Order of

'iu.“‘u?« = Tw W (Wi day)

) 0 R A
.G cTunctions oF ur,

e e e e

20) H.C. Wang and K. Yano: A class of affinely connected spaces.,

To appear

in Trans,

Amer,

Math.Soc,
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B turetions of Ao

Y. Moto 21) proved, by a2 méthod quite diffcrent from that of Egorov,
- the following theorems:
Theorem 10.34, An 4, with non vinlshing curvature tensor admits a
complete group of affine motions of the maximum order if and only if
the cquations

(10.31 ) R u:d = elw, »«/_; - A% Yo, Vpowh = Qun W, S= 4, s const

arc satisfied. Then the order is o and we can find a coordinnte system

with respect to which the components of the linear connexion are

[ Al T el

e f8T, L, e e thae other

pah QD em i a, et

and the finite equations of the group are given by

tatel Pfs

|
(10.32) B
L n;’n ’g»'*. &+ \«.“) ,

or

(10.33)

. T ove ¥ ~ 'l
BT = ST D

nccording as the roots ¢, and c, of the quadratic equation (EV+af-2=0

o

D]

C1sfy cigcy, Or ci=cy=c¢ 3 P,Q,R,S belng constants.

o . 22) \ cotively Fueds 23)
Theorem 10.35. In order that » projectively Euclidean A,
with non vanishing curvature tensor sdmit = complete group of affinc

e - - —

21) Y. Moto. loc, cit.

) Y. Moto: On n-dimcnsionsl projectively {1nt spaces admitting a
group of affine motions of order =« > n2_+ | Sci.Rep. of Yokohamn
National Univ., Sec,I, No.4, In press,

23) For n=z & , we ha o ntinom o on* L an s 5 . Consequently according
to Theorem 10, 27, we do not neaad thl assumption,
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motions G, of order z1»nd_n s it is Qﬁ&@ﬁ&ﬁry and sufficient %hat'@n
curvature tensor belong to one of the following three types Ty, Tq and
Ta » 2nd the vectors appearing in the expressions of the curvature
tensors satisfy the associated equations. Such lineap connexions and
groups actually exist,

The curvature tcnsors arc

(10.34) T, : Q;,f‘_,_j\'c—.» E(wyAL - w AT wy, €=ttt wyepo,
(10.35) Ta Rypun™= 8w, AL - wy A% ) wy

+ AT (W Xy - wy xw} - AL (wyxy - waxy)

- z(wva*wav)Af{,
Est1; w, and xy are lincarly independent .

(10.36) T, QQ’MK = &,(:w,,A; - w;‘Af,)w}‘ + ei(x,/ﬁ\ﬁ - xﬁAﬁ)x)‘,

€, B = 215 w, and %, are linearly independent

The associated equations arc

T,
(10.37) T Wy = Xup, w0 ama(w), W= Hw
Ty :
(10.38) { Vo Wy = @(Qﬁu%ﬁﬂk*«U?&xk+1ﬂx%M)
VX = Y X+ OLE Wy, Xy — Xy, Xy )
(10.39) ?uﬁkw“kﬁﬁ* EQ(%M“RHSK“%J
"“zg(xﬂ‘ﬁhmx?\‘iﬂ}w E(w Xy - WXy ) ) 6"z -1
‘T .
3
(10.40) VWi = - £ &y YuXn s V‘“ Xa = YuXa s
(10.41) qmﬁxw-v%%M**ﬁiﬁmwhwxx“%0~
The groups are
Y Ty
0.42) w0, Ex=0.

If « 15 2 constoent, then z=n" and the group is transitive.
If e 18 not a congtant, then wan< ¢ and the group is intrang-
itive.
Ty
(10.43) o un =0, £xy = pu, A1 a scalar
T ntan o+ and the group is transitive.



110, 44)

Lawy = g, 8, By, Lxpn = puwrn p£: a scalar.
T=n%_n + 4 and the group is transitive.
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8 11. Motions in a compact orientable Riemannian spad®¢
In this section, we consider an n-dimensional compact orientable
Riemannian space with positive definite metric ds*= Gur A B4R and
denote it by V
We first remind of 2 thcorem of Green:
Theorem 11.1, In 2 %; s wWe have

AT =
J/g_ V‘,,_”L At = Q,

A

for an arbitrary vector field v', where
(11.2) dt ¥ Vidg'  dr" > o

is the volume element of the space.
Using this theorem, wc¢ can prove the following two theorems.
e
Theorem 11.2. In a V., we have

¥

(11.3) / afdet =0
./\"3“

for an arbitrary scalar field f, where

(11.4) af & grrg o f

" .
Theorem 11.3. If, in a V,, we have afzo0 everywhere, then at=o0

and £ is a constant.
For an arbitrary altcernating tensor field Wi, A, » the rotat-
ion and the divergence are respectively defined by

Rotw:  (pr1) o, Wap Al

(11.5)
1 Divw: Ve N Ay

when the w is of valence p, Rotw 1s of valence p+1 and Divw 1is of
valence p-1.

For two arbitrary »2lternating tensors Lap, = a, and Vap . - Ay
of the same valence p , we define the global inner product (u,v) by

(11.6) (w,v) = }/‘ Uy

w *v‘”

% ’U‘KP‘ A‘dt.
- i}

"ﬁnce the metric 1s positive definite, we have always
(11.7) (w,u) = o,

and (w,ud)=co  if and only if U, A, = O
Consider two arbitrary alternating tensors Un, .., Of valence
of valence p«t and apply the theorem 11.41 to the

vector uy, . a, vAre A

S o o GRS G b S W o S e

p "ﬁd ‘.:.Aﬁ*‘ L )“



then we obtain
Theorem 11,4, In = %}, we have, for two arbitrary alternating tensors

a,;\p >\1 "!I’ld URP’\ .')\‘ 3
(11.8) (Rotw)v} + (p+1)(u,Divv)=o0
An alternating tensor Wi, n, 18 called a harmonic tensor if it
satisfies
(11.9) Rot w= o, Div w = O

Using the theorem 11.4, we can prove

Thecrem 11.5, In order that an alternating tensor Wi, oa, in a
ﬁg be harmonic, it 1is necessary and sufficient that

(11.10) aw® Div Rotw + Rot Divw = o
Using 2180 the theorem 11.4%, one can prove

Theorem 11.€. A harmonic tensor which 1is the rotation of an alter-
nating tensor 1s identically =zero.

We now suppose that the '@g admits a one-parameter group of motions
generated by the infinitesimal transformation

(11.11) E = N vN(E) AL,

then we have

(11.12) £ gre= 0,
(11.13) £{x}=0

and the operators v, 2nd £ arc commutative,
/ W
. *
Suppose that there exists in the V., 2 harmonic tensor Wap.
then we hnve

N

- , y VA
xg = O and g vvm%“kp-i“'xgg o,

from which

"y 3 a Vph -
Vi Wa, a3=0 nd g wa”?uap«~k1'°'

This means that %?qupk, A, 18 2lso a harmonic tensor. But we

" easily verify that
11.14) £ wy, o= RetvMw,, oy

Thus according to the theorem 11.6, we get
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Theorem 11.?.2) If = ﬁ; ndmits an infinitesimal motion, the Lie
derivative of a harmonic tcnsor with respect to this motion vanishes
identically,

1App1ying the theorem 11,7 to 2 harmonic vector w, and a Killing
vector w® , we find

(11.15) O= & wy = Yy (w,vH),
from which we have

Theorem 11.8, 3) In a ‘%n s, the inner product of a harmonic vector
and a Killing vector is constant.
Now, tnke 2an arbitrary vector field v* in the Qﬁ,. We can easily
verlfy the following identity:

Vo (VAU ) L 0 (T, v

- KVMV)‘)KV?\U}.L) _ (\v!“ U'“){;V.,\'\)'}‘) + K‘,Lt;\ '\J'“'\))"

from which

(11.16) /‘ ?(V”xﬁj(vxgu) (T uH YTt KavHur ] de = o,
o ‘Vﬁ b -

where v* = gHh v,

Suppose that a vector ficld v* generates o one-parameter group of
s .
motions in the V., then we have

il

S A
{ Gun = VuVa + VAt , V=0

"/u‘ (=0

b
/L
Substituting these equations in (11.16) we find

(11.17) [ [ - Kua vH ot ] dt = o,

AL
¥in

from which

4 o .
Theorem 11,9, ) In n V., whose Ricel curvature is negative semi-

(A

definite, 2 vector gencrating a onc-parameter group of motions 1is a
covariant constant field, In n %n whose Ricci curvature is negative
definite, therc docs not exist a continuous group of motions.

Suppose that a @}; with K, n=0 admits a transitive group of
motions, then by the theorem 11.9, all the vectors generating the trans-
itive group of motlons are covariant constant. This means that the ‘§n

¥its more than n lincarly independent covariant constant vector fields,
ﬂ:s the ”K?“n is loczlly Euclidean,

Bk

2) W.V.D. Hodge: The theory and applications of harmonic Integrals,
Cambridge University Press (1952),

K. Yano: On harmonic and Killing vector fields, Ann.of Math.,55
(1952), 38-45,

3) 8. Bochner: Vector fields on complex and real manifolds. Ann.of Math,.,
52 (1950), 6u42-649,

4) S. Bochner: Vector fields and Ricci curvature. Bull.of the Amer.Math.
Math. Soc., 52 (1946), 776-797.
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Theorem 11,10.2) AV, with K,=0 admitting a transitive group of
motions 1is locally Euclidean,

Suppose that 2 vcctor u® gencrates a one-parameter group of con-
formal motions, then we have

(1’3./‘8) i{ngm V/u“u'aﬂr VA’V = 1@{%’”‘)\ » V,\\J}‘m ﬂé.

Substituting (11.18) in (11.16), we find

(11.19) j% LTHU Y (Tvn) + nn-2) 92 Ko v dt w0,
n

from which

Theorem 11.14.6)

definite, a vector generating a onc-parameter group of conformal
motions is 2 covariant constant vector ficld, In a ﬁn whose Ricci

In » 5}

¥

whose Riccl curvature is negative semi-

curvature 1s negative definite, therc does not exist a one-parameter
group of conformal motlions.

Now apply the theorem 11.2 to the square wvgv® of the length of
an arbitrary vector field v*, we obtain

(11.20) /;. 1 Vi g”)‘ Ve U Uy + (vf‘v}‘)(vﬂu,\‘)] 4T = 0.

L4

Adding (11.16) and (11.20), we find

(17.21) /{s 1 xrk(g“)’vﬂ\?}\ v KN e )

4 2( V‘M ’LT'A))( V(}{ L’)\)) - ( V}VLL”PL)(VA ’C)\)) AT=0.

Suppose that a2 vector «* generates a one-parameter group of

L
motions in o V then from
n g

",f“.: (ﬂ}u)\ e XJ"M Vg ot V)\m;’u: Q,

ai{ﬁx}ﬁ ¥

e :uvl\ vt Kv,u.;\KUvTI O,

we obtain

(11.22) ?;m T Va v+ Ky *vt=o, Vvt =o0.

Conversely suppose that a vector field v* in 2 ﬁ; satisfies (11.22),
then substituting (11.22) in (11.21), we obtain

’"f

from which

5

: SRRV A AV .
f» (v {(Vuvay) dt=o,
Vo

e
% (3’&‘;\ = ZZV(‘MLYK“)r_O}

5) A. Lichnerowicz: Un théortme sur les espaces homogeénes complexes.
Archiv der Math,, 5 (1954%), 207-215,

©) K. Yano: loc, cit.
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that 1is, the vector v* gencraotes n one-parameter group of motions, Thus
we have
Theorem 11,12, In order that a vector v® generate a one-parameter
group of motions in o @; , it 18 nccessary and sufficient that "
satisfy (11.22).
Suppose that a ﬁh ndmits a one-parameter group of affine motions
generated by a vector "

(11.23) £{5} = Y Bve + KpatvT=o,

from which we obtain

(1}1.2“) (‘EM)‘VMV;\\:K*K}‘K\}X‘:‘O,
(11.25) YMVAUXJO

From (11.25) we see that v,»* 1s a constant, But we have (11.,1)
and hence

(11.26) vtz o
Thus sccording to the theorem 11,12, we obtain

; "
Theorem 11.13.f) A one-parameter group of affine motions in a V,
is a group of motions.

A ‘&n, symmetric in the sense of Cartan 1s characterized by the
egquation

(1‘1,‘2?) VWKV,LA}«K:O:

from which we get

o~ ;ut‘\ ) » o » ‘ <

(11.28) Hnwvﬂk“ég hnuwavﬁx?~ anvPKPMA
. P . . p
- K?‘ru.ﬂ/\t.,ag K‘\)P‘,\K- K?T(.UX Kv)“PK:O,

(qugg) Vo h,u.‘.\“O'

Conversely, suppose that (11,28) and (11.29) are satisfied in 2
3
V, . Then, from 2 general identity:

Vﬂq .30) % /\\ Kv/xﬁ\w Kv;.x,'hrc)

+ (Y Kvam)(va\’MK) »

W e G e e B e A N O 0

K. Yano: On harmonic and Killing vector fields, Ann, of Math.,55
(1952), 38-45,
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(11.31) 38 (K xR < (Vo K yparn (79K,
which 1is positive definite. Thus according to the theorem 1.3, we
obtain \
Vo K‘,MM,: O
Thus we can state
Theorem 11,14, 8) A 6M satisfying H
i8 symmetric in the scnsc of Cartan,

Wt;)v),u,}.xxo and Yo K}*l u O

We know that a symmctric V, admits a transitive group G of motlions
and that the linear 1sotropy group &(pP) at 2 point P contains the ho-
mogeneous holonomy group o(P) at P of the space as a subgroup.

Converscly, we assume that an irreducible 2 v, admitse a transit-
ive group G of motions and that the linear isotropy group G(P) at P
contains the homogencous holonomy group a(P) a2t P of the space as a
subgroup for every polnt of thoe space,

Denoting by %j the infin%tcsimwl operator corresponding to one of
the generators of the group G(P), we obtain

(11.32) a§i%2#A"ﬁ..Kvﬂvapu"+ Kpun 7y vf + Kgéx“vﬁxﬁﬁ-K§Pé“V%vao.
But we assumed that &(pP) contains o(P) and consequently ?Q%Mx“
must be lincar combinations of vmxf‘ formed by all generators %“ of

the group G (P) . Thus from (11.32),wc get

w

(11.33) H L0

s VLA

On the othcr hand, from (11.32),we find

(11.34) £ K

e f,L}\ = O

But we have assumed thnt o(P) 1s irreducible and consequently
&GPy is a2lso irrcducible, Thus we get from (11.34)

LS
K,M}\ = R (3#7\.,
from which
"‘1 -35) Vi K,LO\"'O*
P /

The equations (11.30), (11.33) and (11.35) show that

e S W e D Ga o T e S

8) A. Lichnerowicz: Courburc, nombres de Betti, et espaces symétriques,
Proc. Intern, Congress of Math., 2 (1950), 216-223,

9) A V, 1s said to be irreduclible, when the holonomy group o of the V,
is 1irreducible.
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The group G of motions 1s transitive and consequently, from
:{ ( K‘Pﬁu\x Kvﬂ:\“})m (o}

we can conclude that

K\?}L?\Vi K?M}‘“;az conat
and hence
(11.37) A(K ypn K¥%) - 0

From (11.36) and (11.37), we get

(’3,1‘}'8) va*v/,u)\K“ ©.
This proves the following thceorem,

Theorem ﬂﬂ.ﬁ?.qQ} If an irrcducible V, (not necessarily compact and
orientable) admits a transitive group of motions whose linear isotropy
group at any point contains the homogencous holonomy group at the
point, the Vv, is symmetric in thc sense of Cartan. '
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On Geometric objects anc lie groups of transformations.

Nicolaas il.Xuiper and Kentaro Yano.

Preliminary report.

1. Introduction.

Fhresmann defined prolongations (prolongements [1,2] ) of a
cS_menifold. 4 prolongation is a principle fitre bundle which is
determined by the base space a cS_manifold and a natural number
rss8. In differential geometry one often is led to fibre bundles
which are not principal, but of which the associated principal fibre
bundle is of the kind defined by rshresnann. Tollowing Haantjes and
Laman [3] these fibre bundles will be called geometric object bundle s.

Geometric objects or geometric object bundles have been defined by
Golab, Haantjes, Lawan, Nijenhuis, Schouten, '‘agner and others.

In § 1 we give a definition of geometric object bundles. In
§ 2 we consider transformations in the base Space of a geometric
object bundle, and their prolongations in the bundle. In § 3 we
obtain a main theorem on geometric objects on a Lie-group space
with applications. { 4 deals with Lie groups of transformations of a
manifold and the existence of invariant geometric objects. In § 5 we
define Lie-derivatives of geometric object fields and give some
applications.

§ 1. Geometric object bundles.

In this paper A will denote a fixed pseudo-group of homeomor-—
phic mappings of differentiability class CS, s> 0 in n~dimensional
number space Rn, which contains the group of translations:

T ¢ AN

Two homeomorphic mappings @ :{H(_¢ Vk kK =1i,j of neighbourhoods
of an n-manifold X into R~ are called A\ -—compatible 1) if for
z € ¢,(U; N Uj):

....1‘ |
Ajp= 9y 94 {@i.(Uiran) e A

St e . o S O W S

1) Compare Veblen and Yhitehead (4] »p.
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A manifold with a local A —-structure or a A -manifold is a
manifold covered by a complete set of mappings @k:Uk.».Vk of the
above kind, any two of which are A -compatible. The homeomorphic
mappings are called A -coordinate systems, A -reference systems or
just reference systems.

In the sequel X will be a A -manifold. Points of X will be
indicated by x; points of R® will be indicated by z; in particular
the point (0,0,..,0 ) by O.

Two reference-systems P4 and @j both covering x ¢ X are
called jet-equiwalent at x if their restrictions to some neighbour-
hood of x are identical. The jet-equivalence class of {x, g;} is
called g_jet of kind A or _A -jet and it will be denoted by
i ¢i(x), X3 @i) = j( ¢j(x),x; @j); x is called the source of this

i Iy o4 ~ .t o 4 - ’ ' a4 n
jet, zmqa(x) ig Jhe wbut of this Jot. )Li f e ﬁh‘z £R is covered by f,
ther the Jot dotermaun o Dy 7z and f is ¢d:noted by

jlz',2;f) = j(z',z) where z' = £(z).

Jets of this kind will sometimes be called auto~-jets. If the butt
of a first jet coincides with the source of a second jet, then the
product can be formed:
3(23,21;f2f1} = j(zB,zzgfz)-j(zz,zQ;fj)
3(2273‘:‘;&“? ) = j(zgyzﬁf)*j(zp}f;‘{’)
The jet with source z,¢ R” and butt zgé:Rn obtained from a (unique)
translation t € A 1is denoted by
t(22921> *

Proposition 1. The jets of the kind j{(0,0;f) form a group & .
‘e introduce a non-Hausdorf topology in A with respect to a

%= A -manifold by the definition:

a neighbourhood in A consists of all jets that can be represented

th, at the
source of the jet, form a neighbourhood in the suitable number spacc.
Troposition 2. Any jet of the kind j(z',z;f) admits a unique fac-

'Zﬁorization as follows

by functions whose systems of derivatives up to the s

t(z‘,@).j{O,G; t(O,z')f.t(z,O)] . 1(0,2)
short: jlztyz) = t(z',0). j(0,0). t(0,2)

2) The notion and word jet was introduced by Ehresmann . [1,2] .
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The mapping Oj:j(z‘,z;f) - j{@,@;t(@,z‘),f.t(z,ﬁ)}1g 2 nomomorphism
of the pseudo-group of auto-jets onto the group of jets with

source = butt = O.

Proposition 3. Two jets j(z,x: @1) and j(z’,x;:pz) with the same
source x ¢ X determine a unique auto-jet j(z',z) by division:

-1
iz0x; 95) = J(z2'25 9, @47 ). lz,x; @)
Proposition 4. If P10 Poo @3 deternine three jets with the same
source X, then the guotient--auto-jets obey
-1 ~1 -1

3(337515‘?3 Py ) = 3(23132§CP3 Po )'3(225315 Po Py )
and this product rule also holds for the images of these jets under
Oj’ which we denote as follows: ‘

or

Theorem 1. The entities X,Y,G,h defined below determine a unigue
fibre bundle B with base space X, fibre o

P o

Y
o

f the kind Y, group G, which
is called the geometric object bundle over X of the kind (Y,G,h).

X is a C°- A -manifold of dimension n.

Y is an analytic manifold.

G is a Lie group of analytic transformations of Y.

h is a continuous homomorphism of Ao onto G.

The bundle is defined as follows.,

Le§ ¢;8 Uy — Vi(Uic.X, V¢ R") be A ~reference-systems covering
X ).

In the set of triples (i,xe Ui,yczY) we introduce the equivalence,
called identification:

(i,x,y) ~ (j,xgjiy} for x¢sUirsUj in which

83 = B Uy

330 = 20z g) 30525 @y ¢ t(zy,0) € A
z; = Wi(x) 2y = ?j{x)

D G A G D S T Boa

3) If we require moreover that the set of A ~reference systems is
complete, that is, is not contzlned in a (A -compatible) bigger set,
then the definitions are independent of the particular set of subsets
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An equivalence class is by definition a point of the fibre bundle.
The equivalence classes with a fixed x form the fibre of the bundle

at x. The bundle projection 7 is the mapping of the fibre at x, onto
X. The fibre is homeomorphic with Y. The mapping:

class of (i,x,y) — (x,¥)
is a homeomorphic mapping of

-1
T (Ui) onto U, x ¥ (1).

¥

The mappings
: class of (i,x,y) — v

will be denoted by qz. e then have for b e 77“1(Ui)
- . Q‘P .
r o) A Uy ¥ ie v x Y

b —_— Th x @?b :&Ea ?i TDbh x @z b .

...1 .
If b ¢ 77 (Uir\Uj).

J ji

1

and, if b e w7~ (Uir\Uj:\Uk) we obtain from

. -1y _ -1 . -
J(Zk’zi; ‘-?k (Pi ):J(zkyzj; ?x ‘PJ ). J(stzis CPJ (Pi )
Jpi = kgt dya
hence, because h is a continuous homomorphisms

€ei = B3 * 851
Also gji is a continuous function of x.

The mappings (1) which fulfill all the conditions just mentioned
define the structure of fibre bundle in the point set ol (X)»
Steenrod [ 8 ]. The fibre bundle B so obtained is the object-bundle
required in theorem i. If Y'c Y is invariant under G, then X,Y',G,h
determine a unique object~bundle B', which can be considered as
imbedded in B. We call B' a subbundle of B.

A cross—section of B is called a geometric object field or

eometric object of the kind (Y,G,h). One point of B:b e ﬁ”1(x) is
called a geometric object at x . TT‘1(X) will also be designated
by YX.

Example:
Let A be the pseudo-group of all ¢® reversible homeomorphisms

in R%. T be the invariant subgroup of A consisting of those jets
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that can be obtained from homeomorphisms of f ¢ & which are ex-
pressed by functions
] -
2 e = Z'}{ (21,..,Zn}
which have the same k-th derivatives for kX = 0,1,+¢,1 & 8 at the
point O, as the functions that express the identity homeomorphism:

2 = 2
G = A/r
hj = the class j. [.

The object-bundle B so defined is a manifold of differentiability
class s-1. A CF-cross-section in B (r=s-1) is called object (field)
of object class and (of course) of diffcrentiability class r.
Haantjes and Leman [3] determined all geometric object-bundles of
object-class 1 = 1 and dimension n+1 (dimension Y = 1)
Tensor-bundles are bundles of class 1 = 1.
Affine connections (parallel displacement) can be defined in the
bundle of tangent vcctors of a Cg~manifold. The affine connections
are themselves cross—sections in a bundle of object-class 1 = 2.
Every affine connection belongs to a class of projectively equivalent
affine connections, which class determines a unique normal projective
connection. E.Cartan [5) .Such a normal projective connection is a
cross—section in a bundle of object-class 1 = 2.

A connection defined in a general way in a fibre-bundle, is not
a geometric object. For example a projective connection in a fibre-
bundle with fibre the projective n-space, without fined oblique
cross—section. Ehresmann [€] Kuiper [7] .

Another example of a geometric object-bundle is obtained from
the tensor-bundle of covariant tensors of kind t,, under the
identification:

tm\'\" Ptmx P)Q‘

If ., is symmetric and positive definite then the geometric
object is called a conformal metric. It is of class 1 = 1. The normal
snformal connection determined by a conformal metric is a geometric
object of class 1 = 2. A conformal connection defined in a general
way in a fibre bundle with fibre a sphere and group the lMoebius group,
is not a geometric object.

b
Other examples of gewmetric object-bundles are obtained by
taking for A a subgroup ¢f all reversible C%(8 = 1,2y000 &0 OF w)
homeomorphisms, for exarple consisting of all homeomorphisms that



leave invariant a fibred structure or a complex structure in R™.

§2. Prolongations of A —transformations in X.

Let b be a cross—section or a geometric object-field in the
object-bundle (B,X, 7,Y,G,h, A). b(x):YXn b. A homeomorphism in Xs
U'- U is called a A -point-transformation if in case ¢: U — V
is a A -reference-system, the same is true for ¢m : U'— V. Let
n  be a A =-point transformation.

[ PRUSAN
T’)* K
- . : -
—_— —_—
‘Yy* Tv
—_—
n has a unique prolongation (Ehresmann [1] )
n* with T =TT
n* 7T"1(U')_9_]_'/E.O___;. 7! (U)
defined by, if b' e T (U'),:

n*b! = 77y Tt a (¢9)"" (o m*)p! (4.1)

(4.1) can be understood as follows: If we use the reference systems
2? and ¢v) for U and U' then the prolongation m* of = is expressed
¥ by the pair {77 : U' — U and identity in Y} .

An expression in terms of two arbitrary reference systems
¢ U — V= ¢U and v :J! —» V' = p U', instead of ¢ and ¢m
respectively, is as follows (x' = 7TbH'). '

n*bt= o n BTN ( cp*)“jh [t(Oy enx').3(gm X', vx' €M 1.):"1),
-‘b(’\‘)X',O)] 'L}’*b’ (4é2>
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Substituting w = v in (4.2) we obtain (4.1). (4.2) is independent
of the particular rcfercnce systen ¢ for U. This can be seen from
straightforward computation.

From (4.1) we have:

(,',)“1\%

i/

= (ﬂ,“}"?-

Therefore (4.2) is also independont.of the refercnce systen < for
U', hence independent of reference systems useds

Now suppose we have two A -point transformations. v 3 Ut —» U
and v :U'' —» U', hence the product =v i U't —» U. Using the reference
systems ¢ : U - V, ¢m : U'—V and ¢mnv ¢ U'" — V, we observe
that the prolongations n™, »%, (fv)v Y* are respectively expressed
by

( m , identity)
( v, identity)
(mv, identity)

Hence ( mv )= m™»™, and we have the
Theorem 2. nvery A ~transformation in X has a unique prolongation

in B. The mapping which assigns 1o every A ~transformation its

prolongation is a group-—isomorphism.

From the definitions we also have: Any subbundle B'c B is invariant
under the prolongations of any A =transformation in X.

§ 3. Geometric objects on Lie Zroups.

Theorem 3. Let 3 be a Lic jroup of transformations operating on

the left on the group space H of 3t . Any object bundle B with basc

space H and fibre space Y 1S an analytic product bundle Hx Y with
left invariant analytic cross-sections H x Y (yeX).

Proof: Chose a fibre Y, c B, and a point be¥ . Let q(t)e?ﬁ be a
transformation of X, m*(t)e 3#* its prolongation in B, and t a
point of the abstract analytic group of 3%, The set #*b consists
of one point in each fibre and is an analytic cross—section becausc

(t) is an analytic transformation, which depends also analytically
on t. A point b' < #*b is characteriscd by beY and m(v') = x'.
The correspondence

B= 7" (H) — HxY

so obtained is 1 = 1, and m%ed™ the prolongation of me ® is
represented under this representation by

rf}“{x»uy) = MX XY -
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Application:

Theorem: An n-dimensional Lic group has the following left invariant

geometric object fields: an absolute paralkllism; many affine
connectians_ﬁ@ong,which“awnngagyg_c@nnpctiongjmﬁiemagggan metrics

of any signature; for n even many almost-complex structures and
almost-hermitian metrics; Finsler mctrics.

In all these cases we define suitably the geometric objeet at one
point of the group and then the required object~field consists of
the images of this geometric object under the prolongations in the
fibre-bundle of the transformations of the group.

§ 4. Geometric objects and transitive groups of transformations.

In this ¢ H is a transitive group of C% - A -point transforma-
tions of a C™A-manifold X, base space of an object-bundle B. I  is
the subgroup of all transformations in H that leave x e X fixed.

The prolongations in B of I and H are I; and H*. I, and I; are

called a group of isotropy of H(H™) at x.

Theorem 4.1. The object bundle B over X admits a cross-section D
invariant under all prolongations in H*, if and only if the isotrony
group 1; at x has a fixed point in Y . (for some xeX, and then

for any xe X).

Proofs The necessity 1s obvious. To prove the sufficiency we consider
a point b c.Y invariant under I . For any two transformations f
and T 5 in H, whlob map x onto the same point x', the pralongatlons

PRl

i f2 obey:

.oy =] "
(fg ) £." € I

Wy =1 Ll
(:fg} £,7 b

¥
X

i
=2

x © °x
* " e
f? bx = fg bx
Therfore the set of points {f*b }, f*e HY contains exaotly one point
An the fibre Y , for any x' e X. The group prOperties imply that
thxq eross~3@ct10n {f b } ig invariant under H™.

In the applications it often occurs that the homomorphism-onto
Ig - Iz | Y, defined by restriction of the transformations of I, to
the flbre Y X ig faithfull. This is the case when the reatrlation
of an elemant W of IF to Y  uniquely determines m* . In the
proof of many theorems Qn groupa of transformations leaving invariant
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some geometric object we therefore may restrict to considerations
concerning one fibre YX. For example:

Theorem 4.2. {1} Let x7 be a space with
a) a Riemannian metric ©b) an affine conncction c¢) a ddhlerian me-

tric d) an affine connection with an invariant almost complex strue-
ture, with an N-dimcnsional group of structure preserving transforma-
tions. {II} Let N° be the dimension of the group of a) motons in a
space of constant curvature b) affinities in the affine space €) 10
tions in a Fubini-space d) complex-—analytic affinities in complex af-
fine space.

Then

N o= N°,

and equality N = N° implies that X" is of the kind mentioned under

fI1I}.

Noa = n£n+1)/2, NOb = n(2+1} and pitting n = 2nm
Noc =m° % 2 m, Nad = 2m° + 2n.
Proof: In a space with an affine  n-ection, of which cases abcd are

examples, an affine point transformation with fixed point x is deter-
mined by its prolongation rcstricted to the tangent space at x. This
ensures the faithfulness of the reprcsentation mentioned above. The
dimension of the isotropy-group obeys N-n ¢ N°- n, hence N=N°,

Hext suppose N = N®. In all cases abed, there is an affine connection.
Let (1 be the curvature tensor of this connection and S the (anti
symmetric) torsien-tensor (S = O for the cases a and c¢), the vanishing
of which charactorises the cases mentioned under {II).

In cascs b and d we find, among the prolongations of the point
transformations in X with invariant point x, restricted to the
tangent space YX, thosc which arc geometrical multiplications of the
tangent space Yx' The curvature—tensor i i tomimtouor oust be inwriant
under the representation of these multiplications in the related
tensor-spaces. Thesc representations arc also non-trivial geometrical
miltiplications. Hence Q = C S = 0. This proves b and d. In cases
a(c) the (holomorphic) scectional curvature is invariant under all

'rorthogonal (unitary) transformations in the tangent space at x.
As H is transitive the (holcmorphic) sectional curvature is the same
for all (holomorphic) sections at all points and the space is '' of
constant (holomorphic) curvature ''. This proves cases a and C.

§ 5. Lie-derivatives.
Let b be a geometric object field in the bundle B over X. Let
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N be a neighbourhood of the identity of a Lie group i, which operates
as a group of A =transformations

vs(t) : U - U(t)

in X. teN is a point in the group-spacc. v (%) is the corresponding
transformation in X. Supposec xeU(t) for all teN. Then a mapping
of N into 7~ (x) = Y  is defined by:
L:t — Y. n [7(t)0] (5.1)

In case N = H, H acts as n Lic group of transformations on the image
poin% set L(H) in Yo

Under the mapping (5.1) the tangent space at the unit-element
of H is mapped into the tangont space of the point b(x) = br\Yx
with respect to the fibre. This mapping is called the Lic-differential
of the geometric objcct b, at x, with respect to the given Lie group.
For any paramctrised differentiable curve t(s), with the identity
£ 0), the image of the vector dt/ds under the Lie differential is
called the Lie-derivative of b, at x, with respect to the parameter

s. It is a tangent to a paramctriscd curve in Yx‘

Thecrem 5.1. The Lic-dcrivative of a geometric object of differen-
tiability-class = 1 is a pgeonetric object.
Proof: If X,Y,G,h arc the entities which determine the fibre-bundle

£b i3 & C——r"3 cross-section in the fibre-bundle determincd in a unique

way -y X,Y',G,hq where Y7 is the spacc of all tangent vectors at
all pcints of Y and h is obtained from h by replacing any analytic

\ . . , . . . 1
transformation in Y by its prolengation in Y .

Theoren 5.2. A CY-geomctric object b in the bundle B over X, rz1,
is invariant under thc prolongations ¢f a connected Lie-group H of
A —tranzformations of X, if and only if the Lie-differential of b

at any point xe X with respect to H vanishcs.

The recessity is obvious. The sufficicncy is not equally obvious
however (!. Suppose the Lie-differential of b at every point x € X
with respect to H vanishes. Suppose, for a fixed x, that the set

)

"Cu. points
r Y. on q*(t).b teH

X

is not one point. Then a curve t(8) with a point (1) = t§ axiata-
such that the tangent vecter

%:ez {Yx n “‘?“(‘C(ﬁs))‘b}

does not vanish for 8 = 1.
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Let x = 7 (t,).x's The vrolongation  wr(t,) maps ¥, onto Y, and
+his mapping is under reference systems represented by an element
of G operating in Y. Hencc it carries non vanishing tangent vectors
of Yx‘ onto such vectors of Yx and vice versa. Therefore the curve
with paramcter 8:

{ﬂ*(t‘i)} ”10 iYK s n*(t(ﬁ)){b} -

-1
YX‘ M 7}*{%? at(ﬁ)} e D
has a non-vanishing derivative for = 1, that is at the point

Yx’ A be The Lic-diffcrential of b at %! with respect to H is then

not zero in contradiction with the assunntions.

o2}
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